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Abstract 

For d > 2 and 0 < /3 < a < 2, consider a family of non-local operators -|- S'’ 

on where 

S^’fix) := lim A{d, -/3) f {f{x + z) - f{x)) dz, 

and b{x, z) is a bounded measurable function on x R'^ with b{x, z) = b{x, —z) for every 
x,z € R'^. Here A{d, —(3) is a normalizing constant so that S'’ = —(—when b{x, z) = 1. 
It was recently shown in Chen and Wang [H] that when b{x,z) > — C'’ 

admits a unique fundamental solution p'’{t,x,y) which is strictly positive and continuous. 
The kernel x, y) uniquely determines a conservative Feller process which has strong 
Feller property. The Feller process X'’ is also the unique solution to the martingale problem 
of (d*”, 5(R‘^)), where S{W^) denotes the space of tempered functions on R'^. In this paper, we 
are concerned with the subprocess X'’’^ of X'’ killed upon leaving a bounded open set 
D We establish explicit sharp two-sided estimates for the transition density function 

of Ab-D. 
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1 Introduction 

Discontinuous Markov processes and non-local operators have been under intense study recently, 
due to their importance both in theory and in applications. Many physical and economic 

‘Research partially supported by NSF Grant DMS-1206276, and NNSFC Grant 11128101. 

^Corresponding author. Research partially supported by China Postdoctoral Science Foundation (Grant No. 
2013M541061) and Beijing Institute of Technology Research Fund Program for Young Scholars. 


1 





systems have been successfully modeled by non-Gaussian jump processes. The infinitesimal 
generator of a discontinuous Markov process in is no longer a differential operator but rather 
a non-local (or, integro-differential) operator. For instance, the infinitesimal generator of an 
isotropically symmetric a-stable process in with a G (0, 2) is a fractional Laplacian operator 
:= —c(—During the past several years there is also much interest from the theory 
of PDF (such as singular obstacle problems) to study non-local operators; see, for example, [1] 
and the references therein. 

Transition density function, also called heat kernel, of a Markov process encodes all the 
information about the process. However unless in some very special cases, the explicit formula 
of the transition density function is very difficult, if not impossible, to derive. Unlike the case 
for diffusion processes, two-sided heat kernel estimates for jump-diffusions in have only been 
systematically studied since around 2000. The study of the transition density function (also 
called Dirichlet heat kernel) of the subprocesses of jump-diffusions in open sets is even more 
recently. We refer the reader to [5] for a recent survey on this subject. 

For heat kernel estimates of discontinuous Markov processes, most of work is restricted to 
symmetric Markov processes. In a recent paper [12], Chen and Wang studied the following 
class of non-symmetric non-local operators, that is, fractional Laplacian under non-local per¬ 
turbations. Let d > 2 and 0 < /3 < a < 2. Consider non-local operator = A“/^ -|- 5^, 
where 

{f{x + z) - f{x)) dz, (1.1) 

^^0 J {zemd:\z\>e} 

where A{d,—I3) = /32^“^7r“'^/^r((d -|- /3)/2)r(l — /3/2)“^ is the normalizing constant so that 

= A^/^ := —(—A)^/^ when b{x,z) = 1, and b(x,z) is a bounded measurable function on 

b{x,z) = b{x,—z) fora;,zGM'^, (1.2) 


In other words, 


where 


^V(a;) = / {f{y) - f{x) - {'^fix),y - x)l{iy_^i<^) j’'{x,y)dy, 

jRd 

y> = ‘(X. .r-y). 


It is established in |T2] that if 


for every x G j^{x,y) > 0 for a.e. y G 


(1.3) 


(1.4) 


(that is, if for every x G b{x,z) > — \z\^~’^ a.e. z G M'^), then admits a unique 

fundamental solution p^{t,x,y), which is strictly positive and jointly continuous on (0, oo) x 
X The kernel p’^{t,x,y) uniquely determines a conservative strong Feller process on 
the canonical Skorokhod space B([0, oo),M'^) such that 






f{y)p\t,x,y)dy 
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for every bounded measurable function / on Various explicit form of sharp two-sided 
estimates on p^{t,x,y) are obtained in [12]; see Proposition 12.11 for a partial summary. In this 
paper, we study the Dirichlet heat kernel estimates for in bounded open sets and their 
sharp two-sided estimates. As a consequence, we obtain sharp two-sided estimates on the Green 
function of in bounded open sets. To present the main results of this paper, we need 
first to recall some facts and notations. 

In this paper we use as a way of definition. We dehne a f\b = min{a, 6} and aV b = 

C 

max{a, b}. For any two positive functions / and g, f ^ g means that there is a positive constant 
c such that f < eg on their common domain of dehnition, and f ^ g means that c~^g < f < eg. 
We also write and “x” if c is unimportant or understood. We use B{x,r) to denote the 
open ball centered at x with radius r > 0. Let 6d{x) denote the Euclidean distance between x 
and dD. We will use capital letters Cq, Ci, C 2 ,--- to denote constants in the statements of 
results. The lower case constants cq, ci, C 2 ,--- can change from one appearance to another. 
We will use dx to denote the Lebesgue measure in and diam(Il) to denote the diameter of 
D. 

The Feller processes correspond to contain non-local perturbations of several impor¬ 
tant Levy processes. Observe that when 6 = 0, then is the (rotationally) symmetric a-stable 
process on We denote its transition density function by p{t,x,y). When b = a for some 
constant o > 0, then and is the independent sum of a symmetric ca¬ 

stable process and a scaled symmetric /3-stable process. Denote by pa{t,x,y) the corresponding 
transition density. It is proved in [7] that 

p.(4,x,!,) X {t-i A (at)-f) A 

on (0,oo) X X M'^. When b{x,z) = — is a truncated symmetric a- 
stable process with Levy intensity A{d, —Denote by pi(f, x, y) its transition 
density function. It is proved in |8] that for t G (0,1] and \x — y\ < 1, 

A^— 

while for t G (0,1] and |x — y| > 1. 

, \ C 2 \x-y\ / f \ ‘^4h-y| 

for some constants ei = ei{d,a) > 0, i = 1, • • • ,4. 

For an open set D C dehne := inf{f > 0 : X^ ^ D}. We will use X^'^ to denote the 
subprocess of X^ killed upon leaving D, that is, X^’^{lo) = X^{oj) if t and X^’^{uj) = d 

if t where 5 is a cemetery state. We use the convention that for every function /, we 

extend its dehnition to d by setting f{d) = 0. Dehne 



PD{t,x,y) :=p^{t,x,y) -E,, 




(1.5) 
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Then p^{t,x,y) is the transition density of the subprocess . It follows easily from the 
estimate of p^{t, x, y) (see Proposition [2T] and Theorem [32] below) that the transition semigroup 
> 0} of , defined by is a strongly continuous semigroup 

in L‘^{D] dx). We use to denote the infinitesimal generator of {Pj: > 0} in L‘^{D] dx). 

Intuitively, is the operator in D with zero Dirichlet exterior condition on D^. The 

(complex) spectrum of is denoted by see Section [7| for its definition. For a complex 

number z, Rez denotes its real part. 

Definition 1.1. An open set D in is said to be if there exists a localization radius 
Rq > 0 and a constant Aq > 0, such that for any Q G dD, there exists a function (j) = (fq : 
R*^”^ —>■ R satisfying 4>{0) = 0, V())(0) = 0, ||V(/>||oo < Aq, |V(/)(x) — X(j){y)\ < Ao|x — y\, and an 
orthonormal coordinate system CSq with its origin at Q such that 


B{Q, i?o) n D = {y = {y, y^) in CSq : |y| < Rq, Vd > 4>{y)}- 
The pair {Rq,Aq) is called the characteristic of D. 

The following is the main result of this paper. 

Theorem 1.2. Let D be a bounded open subset ofW^. Define 


fD{t,x,y) = 1 A 


(5z)(x 


.a/2' 


Vi 


1 A 


^Diy) 


a/2' 


Vi 


—dloL 


A 


X — 


The following holds. 


(i) For every A,T ^ (0, oo), there are positive constants Aq = Xo{d,a, /3, D, A) and Cq = 
Co{d,a, ft, D, A,T) so that for any bounded function b{x,z) on R'^ x R'^ satisfying (II.2|) 
and dn with ll&lloo < A, 

PDit,x,y) < Co/z)(f,x,y) on {0,T] x D x D 

and 

p’f){t,x,y) < Coe~^^°5D{x)5D{y) on (T, oo) x D x D. 

Moreover, for every b{x,z) satisfying the above conditions, Vf^ := — supRe(T(£^’^) > Aq 
and there is a positive constant Ci = Ci{d,a, /3, D, A,b,T) such that 

p\){t,x,y) <Cie~^^^ 5D{x)5D{y) on {T,oo) x D x D. 


(ii) For every A,T G (0, oo), there are positive constants ri = ri(d, a, j3, A) and Ci = Ci{d, a, /3, D, A, T), 
i = 2,3, such that for any bounded function b{x, z) on R'^ x R'^ satisfying (11.21) and (II.4p 
with ||6||oo < A, and any x,y G D with |a: — y| < ri, 

p\){t,x,y) > C 2 fD{t,x,y) fort G (0,r], 
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7 j \ U£?y 

PD{t,x,y) > C 2 e~^ 1 5D{x)5D{y) fort G (r,oo), 

where Dx denotes the connected component of D that contains x, and 

^b^D^uDy _snpRea{C^’^-^^y) > 0 . 

Suppose, in addition, D is connected, or the distance between any two connected compo¬ 
nents of D is less than ri, or the diameter of D is less than ri. Then 

Poit, X, y) > Csfoit, X, y) on (0, T]x D x D, 

p\){t,x,y)>Cze~^^^ 5D{x)5D{y) on {T,oo) x D x D. 

(iii) For every A,T,s G (0,oo), there are positive constants Ci = Ci{d,a, P, D, A,T,s) > 1, 
i = A,5, such that for any bounded function b{x, z) on x satisfying (|1.2p and 

j’^{x,y) > e\y — for a.e. x,y€M.‘^ (1.6) 

with ||6||oo < A, we have 

C^^fnit, X, y) < p\){t, X, y) < C^foit, x, y) on (0, T]x D x D, 

dD{x)6D{y) <PDit^x,y) < C 5 e~^^i 5D{x)6D{y) on {T,oo) x D x D, 
where := — supRe(T(£^’^) > 0. 


Integrating in t of the above heat kernel estimates, we get the following sharp two-sided 
estimate on the Green function G\){x,y) of C^, since G\){x,y) = p\){t,x,y)dt. See the proof 

of [21 Corollary 1.2] for the details about such integration. 


Corollary 1.3. For every G (0, oo), there exists a constant Gq = G%{d,a.,(d,D,A,£) > 1, 
so that for any bounded function b{x, z) on x satisfying (II.2p and (11.61) with ||6||oo < A, 


_C^/^6d{x)6M 
X — V \^ ~ 2/P 


a/2 

< G\){x,y) < 


Ce 

X — yp““ 



6D{x)SD{y) 

\x - yp 


a/2 


for (x, y) £ D X D. 


We now describe the approach of this paper. Since -|- 5^ is a lower order pertur¬ 
bation of heuristically p^^{t,x,y) should relate to pD{t,x,y), the heat kernel of the killed 

symmetric a-stable process in D by 


p\)if^x,y) =pD{t,x,y) 


n PD{s,x, 

) 


z)S’^PD{t — s, z,y)dzds for x,y £ D. 


(1.7) 


However, it is difficult to get pointwise estimate on S^p^it — s,z,y). Following the general 
strategy developed in [TO], we first derive sharp estimates on the Green function G^{x, y) of . 
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The the Green function G^(x,y) on a bounded open set D satisfies the following Duhamel’s 
formula: 

GD{x,y) = GDix,y) + [ G^jj{x,z)SlGD{z,y)dz ioxx,y^D, (1.8) 

Jd 

where G£){x,y) is the Green function of the killed symmetric a-stable process in D. 

Applying the above formula recursively, one expects that G\){x,y) can be expressed as an 
infinite series in terms of Gd{x, y) and S^G^ix, y). The main challenge is to derive sharp bound 
on S^GDix,y) and to deduce from that G\){x,y) is comparable to Goix^y) for G^^ open sets 
D having small diameter. From this, we can get the boundary decay rate of p\){t,x,y) and 
furthermore its sharp two-sided estimates. Integrating the two-sided estimates on p^j^{t,x,y), 
we can get two-sided sharp bound on G\){x,y) for any bounded G^'^ open set D. 

The rest of this paper is organized as follows. In Section 2, we review some known estimates 
for the global heat kernel p^{t, x, y) of and some basic properties of a bouned G^^ open 
set. In Section 3 we derive some lower bound estimates for p’}^(t,x,y) that will be used later 
in this paper. Section 4 is devoted to the sharp two-sided estimates for Green functions of X’^ 
in open sets with sufficiently small diameter. This is done through a series of lemmas, 
which provide proper estimates on S^Gd{x, y). In Section 5 and Section 6 we obtain small time 
two-sided Dirichlet heat kernel estimates for p^j^{t,x,y). Large time estimates of p\){t,x,y) is 
obtained in Section 7 for bounded G^^ open sets. 

2 Preliminaries 

We first recall some estimates on the heat kernel p^{t,x,y) of from [12| . 

Proposition 2.1. For every A, A £ (0, oo), there are positive constants = Gk{d, a, j3, A, X), 
A: = 7, • • • , 10 such that for every bounded function b satisfying condition (USD and dm) with 
Halloo < A, we have for every (t, x, y) G (0,1] x x 

Gf^pi{t,CfiX,Gsy) <p^{t,x,y) < G 7 PM^+^^{t,x,y), (2.1) 

and for every (t, x, y) G (0, oo) x x 

G^^e~^^°^pi{t,x,y) <p\t,x,y) < Cge^^°^pM^+ ^{t,x,y). (2.2) 

Here '■= esssup 3 ,^^g]ud z)\. Define mb,\ '■= essinf^, z). Ifb also satisfies 

dESI) for some positive constant e, then there are constants Gk = Ck{d,a, (3, A,£) > 1, k = 
11,12,13 that for every {t, x, y) G (0,1] x x 

GfiPmf,+^^{t,x,y) <p^{t,x,y) < GnpM^+^^{t,x,y), (2.3) 

and for every (t, x, y) G (0, oo) x x 

Gf 2 (G'^^^^Pm^^+^^{t,x,y) <p^{t,x,y) < Gi 2 e'^^^^pM^+^^{t,x,y). (2.4) 
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We will need the following known geometric properties of a open set D with 
characteristic {Rq,Kq)-. 


(i) (outer and inner ball property) There is a constant 0 < ro = rQ{D) < oo such that for any 

Q e dD, 0 < r < ro, there are balls B{x',r) C D, B{x",r) C tangent at Q. We also 
say that D is a open set at scale tq. 

(ii) There exists L = L{d, Rq, Aq) > 0 such that for every z G dD, 0 < r < Rq, one can find 

a open domain V with characteristic {tRq/L, AqL/t) such that D (1 B{z,r) C ^ C 
DriB{z,2r). We will write F = r). 

(iii) There exists a constant k = k{Aq) G (0,1/2) such that for every r G (0, i?o) and Q G dD, 
there is a point Ain D r\ B{Q,r), denoted by Ar{Q), such that B{A, nr) C D (1 B{Q,r). 
{Ro,k) is called the K-fat characteristic of D. 


Proposition 2.2. Suppose D is a hounded open set with charaeteristic {Ro,Aq). Then 
there is Oq = 6*o(Ao) G (0,1) sueh that for every x G D and r G (0,i?o]; there exists a ball 
B{A,6Qr) C D r\ B{x,r). 


Proof. It is known that there is At = k(Ao) G (0,1/2) such that for every Q G dD, there is 
B{A, Kr) C D D B(Q, r). 

Fix X G D. If 6d{x) > hRq, then the assertion is true since B{x, hRq) C D. If 6d{x) < kRq, 
let Di := {y G D : doiv) > (5z)(a:)}. Obviously Di is bounded open with characteristic 
Ao(Ili) = Aq and Rq{Di) > (1 — 2At)i?o- Note that x G dDi. Thus for every r G (0, (1 — 2k)Ro), 
there exists a ball-B(Ai, Atr) C Dir\B{x,r) C Dr\B{x,r). In this case we conclude the assertion 
by setting 9q = At(l — 2At). □ 

The Feller process has the Levy system {j^{x,y)dy,t). Recall that the Levy system 
(j^(x, y)dy, t) describes the jumps of the process X^: for every non-negative measurable function 
/ on R+ X X vanishing on {{s,y,y) : s > 0, y G M'^}, every x G and stopping time T 
(with respect to the minimal admissible filtration of X^), 


E. 


Y,f{s,Xl_,Xl) 


U<r 


= E, 


fl 

Jo 


f{s,Xl,y)j^{Xl,y)dyds 


(2.5) 


3 Properties of subprocess 

In this section, 6 is a bounded function satisfying (|1.2I) and (II.4|) with ||5||cxd < A < oo and X^ 
is the corresponding Feller process. Let H C be an open subset. In this section, we study 
some basic properties of the subprocess X^’^ of X^ killed upon leaving D. Recall that 9 is a 
cemetery added to D. Let Dg := DU {9}. Define for every x,y G D, 

N^{x,dy) ■.= j^{x,y)dy, N^{x,d) = [ f{x,y)dy. 
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It follows from (j2.5p that (A^Dj^ A r|)) is a Levy system for i.e., for any x £ D, any non¬ 

negative measurable function / on [0,oo) x D x Dq vanishing on {{s,x,y) G [0,oo) x D x Dq : 
X = y} and stopping time T (with respect to the filtration of 






t<T 


= E.t 


Uo JDq 


Define 


e{A) := 


JDa 

1 


^2X^(d,-/3), 

By the assumptions of b, we have for every x G and a.e. y G 


(3.1) 


(3.2) 


j^{x,y) = 


> 


Ad,-a) , ^ A^,y-x) ^ ^ A^,y-x) ^ 

— y\<i+a ■*“ Ad, P) _ y^d+/3 ^{\^-y\<AA)} + Ad, P) _ y^d+/3 ^{\^-y\>AA)} 

A{d,—a) Afj a\ ^ Aij \ ^ 

\x - y\d+oi ~ |a; _ y\d+y ^{\^-y\<AA)} ~ Ad, -ot) _ y^d+a ^{\^-y\>AA)} 

A{d^ —a) ^ A 

\x — 


y\^d+A{\^-y\<^A)} Ad, /5) 1^ _ y|d+/3 ^{|a:-y|<£(A)} 


A{d, —a) 


X-y\d+aH\-y\<e{A)}y^^ ^(d,-a) 

lje(A){x,y), 


A{d,-f3) 


> 


A\x-yr-d'^ 


(3.3) 


where js{A){x, v) '■= A{d, —a)|x — y\ ^^{\x-y\<e(A)}- other words, we have for every x G 


j^{x,y) >-j{x,y) a.e. on {y G ; \x-y\<e{A)}. 


(3.4) 


Lemma 3.1. For any <5 > 0, 


lim sup Px( 4 (^, 5 ) < s) = 0. 


Proof. For every x G we have 


< ^xABix, 5 ) < € B(x,5/2)) +Px(Xl G B{x,6/2r) 


< E.r 


P 


x>> 


b 

B(x,5) 




|X“-Xo“|> 


6/2) 


< 2 sup sup Pz 

te[o,s] zeRd 


X“-X“l> 



















Note that by (12.21) . we have 


sup sup P 2 ( \^t ~ ^o\ ^ 
te[o,s]2eM‘* ^ 

sup sup P 2 (\X^ — z\ > 
tG[0,s]2GR‘* ^ 


sup sup / p^{t,z,y)dy 

ts[0,s] J\y—z\>5/2 


< 


< 


sup sup cie 
te[o,s] zgR'' 

-00 


C2t I ^-d/a^^-d/^ ^ 

\y-z\>5/2 


_ ^|c/+Q 


+ 


Z — y\d-+d 


dy 


poo 

+ r~^~^^)dr ^ 0, as s | 0 

J 5/2 


for some constants Cj = Ci{d, a, /3, A) > 0, i = 1, 2. This proves the assertion. 


□ 


Theorem 3.2. Let D be an open set inW^. The density function p^j^{t,x,y) is jointly continuous 
in (0, 00 ) X D X D and satisfies 

p’fi{t + s,x,y) = / p'fi{t,x,z)p^ij{s,z,y)dz, Vt,s>0. 

Jd 

Proof. By (II. 5p . we only need to show that k!fi{t,x,y) := E^; p’^{t — r’fi, ,y) : < t is 

JTT-TTT, L J 

jointly continuous on (0, 00 ) x D x D. By (12.2|) . there are positive constants Cj = Ci{d,a,j3,A), 

i = 1, - ■ ■ ,4 such that 


< 


< 


< 

C4e'^^* 


— djoL 


A 


fi) 


-dip 


A 


t 


+ 




^ ^_d/p ^ 

Thus for any to > 0 and 5 > 0, we have 


\x — y\d+a l^. _ y|d+/3 J 

t 


_ nAd+a 


\x - y\ 


+ 


\x — yl'^+h J 


sup sup p^{t,x,y) 
t<to \x—y\>5 


< C 4 e'^^*° sup 

t<to,\x—y\'>5 _ 


t-d/a ^ ^-d/p ^ 


+ 


< 046 


C2to 


to to 


\x — ?/|'^+“ \x — y\^+h 
=: C5{d,a,/3,A,to,6) < 00 . 


(3.5) 


gd+a §d+P 

The assertion follows from Lemma l3.II and (13.51) (instead of Lemma 3.1 and (3.6) in [lOj i in the 
same way as for the case of fractional Laplacian with gradient perturbation in Theorem 3.4 of 
iOl. We omit the details here. □ 


Lemma 3.3. For any ai,Ki G (0,1), R G (0,1/2] and A > 0, there are constants I = 
l{d, a, 13, ai, ki,R, A) G (0,1) and C 14 = Ci 4 {d, a, (3, ai,K,i,R,A) > 0 such that for any bounded 
function b satisfying and dm) with ||6||cxd < A, any xq G and r G (0, i?], we have 

PBixo,r)it, X, y) > C'i4r“'^ for {t, x, y) G tr“] x B{xo, a^r) x B{xo, air). (3.6) 
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Moreover, if b also satisfies dTe]) for some e > 0, then the above estimate holds for all R > 0 
and some positive constants I = fid, a, fi, ai, ki,R, A, e) and Cm = Cm(c^, a, fi ,«!, R-, A, e). 

Proof. Fix xq G We use to denote B{xQ,r). Note that by (I2.2p . 

PBri't,x,y) 

= pHt, X, y) - 

> cie~''^^pi{t,x,y)- Tb^, ,y) : < t . 

For every x,y £ B{xo,air) with r < 1/2 and oi G (0, 1), we have \x — y\ < 2air < 1, and thus 
for any t G lr°‘] C (0,1], 

t 


Pi(t,x,y) > c^{d,a) A 




\x - y\ 


> ce,{d,a,ai)t ( 1 A 


tl/o 






dfi-OL 


d-\-OL 




(3.7) 


On the other hand, since |X\ — 2/| > (1 — ai)r for every y G B{xo, air), we have 

'’'Sr 

p\\bu(.t- XBr^ Ki ^y) 


< cfid,a,l3) 




+ 


\X\ -y\^+^ \Xl, -y\d+h 


< c%{d,a,fi,A,ai)(^^^^^ + 

■ 4 - 

< cg{d,a,f3,A,ai,R)- 


.d-\-a ' 


It follows from the proof of Lemma l3.II that for every x G B[xq, air), 

^x{TBr <t)< I®^(^S(x,(l-ai)r) < 0 < 2 sup P^(x/ 0 B{z, (1 - ai)r/2)) 

sG[ 0 ,t], 2 eK‘* 

where in the last inequality we have for every s G (0, t] and z G M'^, 
P,(X/0i?(z,(l-ai)r/2)) 
p''{s,z,y)dy 


(3.8) 

(3.9) 


L 


I B{z,{l-ai)r/2) 
< cioe"^* 


{d,a,/3,A) / 

J B{z.,{l—a\)r/2) 

< ciie'''^^{d,a,j3,A,ai)t{r~'^~°^ + r“'^“ 

< ci2e'^'^fid,a,/3,A,ai,R)^. 


sljz-yl-^-^^ + lz-yl-^-^) ds 


(3.10) 
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Thus by (13.81) (13.9p and (|3.10l) . we get for every t G and G B(xo,air) 


< 

< 


E, 


C 3 e^ 4 (t ,y) : < t 








ci3e 


2c4,lR^j2^-d 


(3.11) 


Therefore, by ()3.7p and ()3.1ip we have 
P^BAt,x,y) > 


The first assertion of Lemma 13.31 follows by setting I = l(d,a, P,ai, ki, R, A) sufficiently small 
such that > 0. Moreover, if b also satishes ()1.6p . then by Propo¬ 

sition EH we have for every t G (0, oo) and every x,y G Br with 0 < r < oo, 


> ci4e ''^^^p{t,x,y) -E^ ,y):T^^<t 


Using the estimate that p{t,x,y) x t A ^^_y^d+a ; one can deduce by a similar argument as 
above that estimates (|3.6I) holds for r G (0, R] for all R > 0. □ 

Proposition 3.4. For any ai G (0,1), > 02 > 0, R G (0,1/2] and A > 0, there is a positive 
constant Cis = Ci5{d,a,l3,ai,a2,a3,R,A) such that for every bounded function b satisfying 
(HH) and (HI with ||f)||oo < A, every xq G and r G (0, i?], we have 


p'B{xo,r)i't^x,y)>Cir,r for every t G [a2r°',a3r°‘], x,y G B{xo,air). 

Moreover, if b also satisfies the condition (HS]) for some e > 0 , then the above estimate holds 
for all R > 0 and some C 15 = Ci 5 (d, a, j3, ai, 02 , 03 , R, A, e) > 0. 


Proof. We can choose appropriate ki G (0,1) and k gN such that a^/l < k < 02 /{^il) where 
I = l{d,a, I3,ai, Ki, R, A) G (0,1) is the constant defined in Lemma (3.31 In this case t/k G 
[Ki/r“,Zr"] for every t G [a 2 r“, 03 r“]. Thus by semigroup property and Lemma [T3l we have 


PB{xo,r){t^x,y) 

. f t 

J B{xo,r) 

> {Ci4r~'^)^m{B{xQ,r))^~^ > Cir~'^ 


/ PB(xo,r)it/k,X, Zi) ■ ■■PB(xo,r)it/k, Zk-l,y)dzi ■ ■ 

J B{xo,r) 


dzk-1 


for some ci = ci(d, a, (5, ai, 02 , 03 , R, ^4) > 0. □ 

Lemma 3.5. Suppose D is an open set in M'^. For every x G D, we use Dx to denote the 
connected component of D that contains x. Then p\y{t,x,y) > 0 for every t > 0 and x,y G D 
with dist{Dx, Dy) < £{A). 
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Proof. Fix x,y £ D. If y £ Dx, then the assertion follows from the domain monotonicity of 
a chain argument and Proposition 13.41 If y 0 Dx, then by the strong Markov property, (12.5|) 
and (|3.4p . we have 


PDit,x,y) 


= E,, 
> 


> 


> 

> 0 . 


Dx 

p’h^t — ,y) : X^t, & Dy, T^^<t 

Dx Dx 

n p’fiit - s,z,y) f p^jj^{s,x,w)j\w,z)d 

')y \_J Dx 

n f p'hSt - s,z,y)p^jj {s,x,w)j^{w,z)dwdzds 

\ JDx 

Iff / 

^ J 0 J Dy j f' 


dzds 


'y J {wGDx'. dist(u;,Dy)<e(A)} 


PDy (t - s, Z, y)pDx, (s, X, w)j^^A) {w, z)dwdzds 


□ 


4 Green function estimates 

Suppose Z) is a bounded open set. Let G\){x,y) denote the Green function of the subprocess 
. For any A > 0, define 

hx{x,z) := \^-^h{\-^x,\-^z), x,z£W^. (4.1) 

Obviously if ||6||oo < 4 then ||6a||cxd < X^~°‘A =: Ax. Hereafter, we call a constant c depending 
on D, b and A (part of them) scale-invariant if it satisfies c{XD, bx, 4^) = c{D, b, A). 

It is not hard to prove that has the same distribution as x \^, while for any open set 

D, XXfFx,^ has the same distribution as . So for any A > 0, we have the following scaling 

properties: 

p^{t,x,y) = X^p^^{X°‘t, Xx, Xy), 3:,yGM'^, t > 0. (4-2) 

Pz)(L X, y) = X^p%{X°‘t, Ax, Ay), x,y £ D, t > 0. (4.3) 

G^(x,y) = X‘^-^G%{Xx,Xy), x,y £ D. (4.4) 

Suppose X is a symmetric a-stable process. We will use td to denote the first time that X 
exits D. Let G{x, y), Gd{x, y) and Kjoix, y) denote respectively the global Green function of X, 
the Green function and Poisson kernel of subprocess X killed upon exiting D. Let B{xQ,r) be 
an arbitrary ball in The explicit formulas for G{x,y), GB{xo,r){x,y) and KB(^xo,r){x,y) are 
known as follows: For every x,y £ M'^, 

G(x,y) = 2-“7r-''/2F(^)F(|)-V-y|“-". (4.5) 
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For every x,y G B(xo,r) 


GBi.o,rMy) = 2-“7r-'='/2r(^)r(|)-2 l\u + \)-^Gu^G-Hu \x - y\^-\ (4.6) 

where z = (r^ — |x — xoP)(r^ — \y — — y\~‘^■ For every x G B{xo, r) and y G B{xo, r)^, 

KB{xo,r)ix, y) = c{d, a){r‘^ -\x- xoP)“/^(|y - xo|^ - r‘^)~°'G\x - y\~‘^. (4.7) 

where c{d,a) = r(^) sin It is known that (see [111 llh] ! for any bounded open 

set D with characteristic {Ro,Aq), there exists a constant cq = co{d,a,D) > 1 such that 


Goix^y) X |x - y| 


I OL — d 


1 A 


dpix) 

\x - y\ 


a/2 


lAMh) 

k - 2/1/ 


a/2 


x,y G D. 


(4.8) 


Here dpiiz) := dist(z,(911). It follows from the scaling property 


Gz)(x,y) = A'^ "Gad(Ax, Ay), x,yGD,X>0 


(4.9) 


that the constant cq can be chosen to be scale-invariant. 

Definition 4.1. IFe say that function u defined on is C^-harmonic on an open set D if it 
satisfies 


u{x) = Ea; u{X\ ) 


(4.10) 


for every bounded open set U with closure U contained in D. It is called regular C'^-harmonic if 
(I4.10p holds for U = D. 


Note that when D is unbounded, by the usual convention. 



u(X^(, );t^ < oo 


It is always assumed that the expectation in ()4.10p is absolutely convergent. In particular, 

G%){-,y) is £^-harmonic in D\{y}. Indeed, G\y{x,y) = G\j{x,y),y) for every open 

'^u 

set U C D. We point out that in general G\){x,y) G^j^{y,x), and G^(x, •) is not £^-harmonic. 

The definition of a-harmonicity for is analogous to that of £^-harmonicity. 

Lemma 4.2. Suppose D is a bounded open set in and A G (0,oo). For every x G D, 

y !-)• G’fi{x,y) is continuous in D\ {x}. Moreover, there exists a scale-invariant constant Gig = 
GiQ{d,a, /3, D, A) > 0 such that for any bounded function b satisfying ()1.2p and (ll.4p with 
Halloo < A, 

G’fi{x,y) < Ciq\x - y\~’^+°‘, x,y G D. (4.11) 


Proof. First we claim that there exist positive constants ci and C 2 depending on d, a, j3, diam(D) 
and A such that for any 1 < t < oo, x,y G D, and \\b\\oo < A 


PDit,x,y) < cie 


(4.12) 
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This inequality follows from a standard argument using (12.11) and Markov property (see, for 
example [TO] Lemma 3.7). Thus we have 


roo 

G\){x,y) = / PD{t,x,y)dt 

Jo 

[ p\t,x,y)dt 

Jo 


< 


< 


< 


+ / PD{t,x,y)dt 
Jo 


/■ 


—djoL 


A 


t 


+ 


At \ 


k “ \x — y\'^+d 

t 




cie 




(l + 7l|x-yr t '='/“A^-^p^dt + ci/c2 


< (l + Adiam(D)" ^)|x-y|“ 


< 


(1 + Adiam(Zl)“ ^) + cidiam(i7)'^ “/c 2 \x — y\ 


OL — d 


The scale-invariance of Ci% is implied by (|4.4p . By (|4.12l) , (|2.ip and the dominated convergence 
theorem, y i—)• G^(x,y) is continuous if y ^ x. □ 

The first part of the next two lemmas is proved in Lemma 3.1 and Lemma 3.2 of [3], respec¬ 
tively, while the second inequality can be proved by a similar argument. Hence we omit their 
proofs. 

Lemma 4.3. There is a positive constant Cn = CiY{d,a) such that for any r > 0 and ball 
B := B{0,r), we have 

\V^Kb{x,z)\ < \di,KBix,z)\ < v(x,z) e B x BT 

Ob{x) Ob[x)^ 

Here := ■■■ and dij := 

Lemma 4.4. There is a positive constant Cig = Cis{d,a) such that for an arbitrary open set 
D in and every non-negative function f which is a-harmonic in D, we have 

\Vccf{x)\<CisP^, \d.jfix)\<C,s/^, VxGll, ij ,d}. 

Od{x) Od[xY 

Lemma 4.5. Let D be a open set in There exists a scale-invariant constant Cig = 
Cig{d, a, D) > 0 such that 


. c.i.-.r-(i A (iV 

for every x,y £ D. 


(4.13) 

(4.14) 
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Proof. For each y G D and 1 < i, j < d, we have by Lemma 03] applied to domain D \ {y}, 

T7 f M ^ GD{x,y){x) ^ / M ^ Goix.y) ^ n\ r i 

VxGD{x,y)\<ci— -yrvr-73-, \dijGD{x,y)\ < Ci— - ^ ^ ^ ^ x G D\{y}. 


|x - y| A 6d{x 
So it follows from (14.8p that 


(k - y| A 5d{x)Y'‘ 


\VxGD{x,y)\ < ci\x-y\°‘ ^ \x-]j \ ) 

< ci\x - y\^-^-^ (l ^ !s ( 

V \x-y\J V od{x 


a/2 


x-y\ 

I \ l-a/2 
x-y\^ 


1 V 


\x - y\ 
6d{x) 


The second derivative estimate on GD{x,y) is similar. 

For X ^ y in D, define 

\x - (^1 A 

hD{x,y) := < |x-y|/^-<^(lA|f^)^(lVlog^) 


□ 


, /3-«/2 


if a > 2/3, 
if a = 2/3, 
if a < 2/3, 


(4.15) 


and 


\Sl\GD{x,y) := A{d,-P)( f \Gd{x + z,y) - GD{x,y)-Va,GD{x,y) 

^ J\z\<\ 

+ [ {Gd{x + Z,y) + Gd{x, y)) dz). 


I |_2,|d+/3 


(4.16) 


'|d>A 

where A := {5d{x) A |x — y|)/2 > 0. 

Lemma 4.6. Let D be a hounded G^^ open set. Then there is a positive scale-invariant constant 
G 20 = G 2 o{d, a, 13, D) such that for every bounded function b on x 

\S^\GD{x,y) < G2o\\b\\oohD{x,y). (4.17) 


Proof. Obviously we have 
\St\GD{x,y) 

< A{d,-j3)\\b\\oo{ [ \Gd{x + z,y) - GD{x,y)-VxGD{x,y) ■ z\\z\~'^~^ dz 

J\z\<X 

+ [ Gd{x + z,y)\z\~'^~^dz + f GD{x,y)\z\~'’'~^ dz) 

J\z\>X,x+z£D J\z\>X 

=: .A(d,-/3)||6||oo(/+ // + ///). 

Define rD{x,y) := 5D{x) + 6D{/y) + \x-y\. Since dniy) < dD{x) + \x-y\, we have 5D{x) + \x-y\ < 
r£){x,y) < 2{5 d{x)+ \x — y\), in other words, we have rD{x,y) x 6Dix) + \x — y\ x 6Diy) + \x — y\. 
It is know that for every a,b,p > 0, 

a A 6 X a6/(a + 5), a V 6 x o + 6, + 6^ x (a + 6)^. (4-18) 
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Immediately we have A x 5d{x)\x — y\/r£){x,y). Using (|4.18l) repeatedly, we have 


III < co/3" V - (^1 A 

= co^-^\x - y\^-^ ^ 

X co/3"V - fl A 

X co^“V-y| 


^D{y) 


a/2 


\x — 

5D{yr/‘^ 

\x — 


1 A 


1 A 


5d{,x 


.a/2 


\x-y\o^n j 

Spjxy/^ \ 
\x — y|"/^ / 


< 3 D(y)“/^ \ ^oixy/"^ rDix,y)^ 


\z\-‘^-^dz 


X — y\o:/2 j .y.^y-^a/2 Sd{xY\x — y\I 

-d-fi (. . ^D(y)^\ (rD{x,y)Y~'^^^ 


^ \x — y\°‘/'^ J V ^d{x] 

Next we deal with I. Note that for \z\ < X, by (|4.14D . 

\Gd{x + z,y) - Gnix^y) - V^Gpix^y) • z\ 


(4.19) 


< 


-[zp sup E \dijGp{x + u,y)\ 


|w|<A 


l<2,ji<d 


< C'lg sup [x + u - y| 

^ l-ul^A 


OL — d—2 


1 A 


^D{y) 


a/2 


|x + u — y\°-/‘^ 


IV 


\x + u- y\ 


— 1/1^ 


5p{x + 


(4.20) 


It is easy to see that for every |ti| < A = \{6p{x) A |x — y\), we have \x — y\/2 < \x + u — y\ < 
3|x — y\/2 and 6p{x + u) > 6p{x) — |u| > 6p{x)/2, thus 


ra^-izivcioix-yr-'^'-^ 


1 A 


^Diy) 


a/2 


y\a/2 


IV 


\x — yp 

,5b(x)2-«/2 


and consequently, 

I < 1^2^19(2-/3)-V-y|“"''“' 
= ld2Ci9(2-/3)-i|x-y|“-''-' 


1 A 


1 A 


Sniy) 


a/2 


\x — ?/|"/2 

<5D(y)“/2 


\x 


- y|"/^ 


IV 


1 V 


— 7/|2 “/2 


\x - y\ 


5p{xY “/2 j 

\x — 


|2-“'-/3d2 


(5^(x)2-«/2 


A2-/3 




(4.21) 


Now we deal with II 
II < Co 


[ \x + z - y\-‘^^° (1 A 

I x-\-z^D \ 

\z\>X \ 


= Co / + / 

\ / x + zGD / x + z£D 

V A<|z|<3|x-y|/4 \z\>3\x-y\/4, 

=: co(/U + U). 


^oiy) 


a/2 


X + Z — 2/|"/2 

1 ■■ ■ dz 


1 A 


5p{x + 2;)“/2 
\x + z — y|“/2 
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As for IV, we observe that if A < \z\ < 3|a; — y|/4, we have \\x — y\ <\x + z — y\ < 7\x — y|/4. 
By this and (|4.18D . we get 


IV 


\x - 2 / 1 “'^+" 

|x - y\ 


1 A 


Sniy) 


ajl 


\ |x — 

-d-/3 ^ Spjyr/^ 


1 A 


X 


- 2/1“/^ 


x+zGD 
X<\z\<Z\x—y\/4: 


t+zG-D 
A<|z|<3|x-y|/4 


dpix + 

\x + z — 2/1“/^ 




N «/2 


^ ((5D(a; + z) + |x - 2/1)"/^ ^ 


(4.22) 


We continue to estimate the integral in (I4.22p . If 6d{x) > |x — y\, then X = \x — 2/1/2, and 

i«/2 


' x+zSD 

\x-y\/2<\z\<3\x-y\/4, 


< 


L 


^\x-y\<\z\<l\x-y\ 


b _ yV _ 5d{x + zY' _ \z\-^-f^dz 

{5p{x + z) + \x-y\Yl^^"^ 

\x — y\^\z\~^~^ dz 


/■3/4 

/ r~^~^dr < oo. 

hi 


1112 


Consequently, we have for 5d{x) > jx — y\, 


IV<\x- 2/1“-'"-^ 1 A 


<5d(2/) 


a/2 


- 2/1"/^ 


(4.23) 


Otherwise if Sd{x) < \x — y\, then A = 6d{x)/2. Note that 6d{x + z) < 6d{x) + \z\ < 3\z\ for 
any z satisfying ^Sd{x) < \z\ < j\x — y\. 

When a > 215, we have 


f 1^ .A0 dpix + zY/^ 

LM/2<^t<"3|.-.|/4 + Z) + \X- 2/|)“/2 


z\ “ ^dz 


\r — ,,|/3-o/2|^|-rf+a/2-/3_ 

x:+^eD (^dp{x + z) + \x — y\)'^l‘^ 5p{z)'^l‘^ 

5j^(x)/2<\z\<3\x-y\/i ^ > 


< 

rs_/ 


I 

i 

i 


\x 


_ 2/|"/2 6p{x + z)°‘/‘^ 


dz 


o(x)/2<|2|<3|a;-y|/4 


\x_y^0-a/2\^^-d+{a/2-y)^Z 


m 


-(i+(a/2-/3)^, 


U 


< 


'5oO)/(2|x-y|)<|n|<3/4 
/■3/4 

/ < oo. 

Jo 


(4.24) 
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When a = 215, WQ have 


L 
L 

^ L 

^ log 


5d{x + zY 


x+zdD ^ + z)+ \x — y\Y 

Sx,ix)/2<\z\<3\x-y\/4 ^ ^ 


z\-'^-^dz 


< I (3|z|)^|z|-'^-^dz 

x + z£D 

5^(x)/2<\z\<3\x-y\/4 


\u\ ^du 


l/2<\u\<‘i\x-y\/{i6u{x)) 

x-y\ 


5d{x) ' 


For q; < 2/3, we have 

/ 


5d{x + z)“/^ 


^ — uy _ 

Sx,(z:)/2<\z\<3\x-y\/4. ^ ^^ 


zl-'^-^dz 


< 

r\-/ 


< 


< 


< 

rs-/ 


L 


o{x)/2<\z\<'i\x-y\/A 

X — //I ^ 


\^ _ y\P-C4/2\z]^-d-{y-a/2) dz 


/ 

Jl! 


doix) J ^l/2<|ii|<3|a;—y|/(4(5£)(x)) 

/ ^-(/3-«/2)-ld, 

Od{x) ) Jii2 

|x — //I ^ 


u 


-d-(y-a/2) 


U 


5d{x) 

We have from ()4.23p - (j4.26p 


/F<ci|x-y|“-'^-^ 1 when a >2,5. 

y |x-?/|"/^y 

IV < cill - (l A (l V log when o = 2/3, 


and 


where ci = ci{d,a,P) > 0. As for V, note that 


when a < 2/3, 


V = 


'lu-xl>§lx-yl,u€D 




(4.25) 


(4.26) 


(4.27) 

(4.28) 

(4.29) 


_y|a/2 


\u — y|“/^ 


du 

(4.30) 
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x/\x — y\ and y' := y/\x 

— y\. On one hand. 

VI 

[ 1 

u-y\-^+Yu-x\-^-^du 

= 

\x_y\a-d-0 

[ \u'- y'\-'^+Yu'- x'\-'^-Ydu' 

l\u'-x'\>3/4: 

= 

\x_y\a-d-0 

[ |u|-"+“(|u-(x'-y')|V^)-"-^du 

f \v—{x'—y')\>3/4: 

< 

r\j 

\x_y\a-d-0 

[ |u|-"+“(|u-(x'-y')| + ^)-"-^du 

f \v—{x'—y')\>3/4 

< 

\x_y\a-d-0 

f M-'<+‘>(ii„i - 1| + 

iRd 4 

< 

r\j 

ix - yr-’^-^ 



(4.31) 


On the other hand, 

V < f 


u - yr'^+“|ri - 

\x - y|“/2 Ju 


1 A 


Sniy) 


0/2 


du 


' \u—x\'>^\x—y\^u^D 


\X — 


\u-x\>l\x-y\,u&D 


X - _ y\-<^+'^\u - x\-‘^-^rD{u,y)-'^/‘^du 




' \u-x\>f\x-y\,u&D 


< \x — 


\x — 


< \x — 


yi»-d-0 f 

\x - y|“/2 


- y\^+^-^/^\u - yr'^+“/2|n - 

_ y,\.d+a/2\^, _ x'\-d-ddu' 


\a/2 




< 


\x — 


\a-d-0 

\x — y|"/^ 


(4.32) 


Therefore by (I4.3ip and (|4.32p we have 




(4.33) 


for some positive constant C 2 = C 2 (d, a, /3). Now we can complete the proof by combining (I4.19D . 
P4.21I) . (I4.27p . (14.281) . (I4.29P and (|4.33l) . and using the fact that for a > 2f3, 

r £)( x , y )^“"/2 _ , ^ 5 d { xY /‘^~^ 

5d{xY-^/^ ^ |x-y|«/2-/3’ 


while for a < 2/3, 


rD{x,yY , \x - yf 

(3l»(x)/^-"/2 ^ (5d(x)(^-“/2 ■ 
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□ 

By ()4.16l) and Lemma 14.61 we have for any bounded function b satisfying (II.2p . 

\StGD{x,y)\ < \S^JGD{x,y) < G2o\\b\\oohD{x,y). (4.34) 


For every x,y £ D with x ^ y, define 


9D{x,y) 


X — 



6d{x) \ 

\x-y\J 



Spiv) 

- y\ 


a/2 


Lemma 4.7. Let D be a bounded open set. There is a constant G 21 = 6*21 (d, a,/3) > 0 
such that for every x,y,z G D, 

(i) if a > 2fi, then 


go{x,z)ho(z,y) ^ 

9D[x,y) 


+ 


— |y — z\^ ^1^ J ^ 


if OL — 2^, then for every 9 E (0,/3); 
gDix,z)hD{z,y) 


0 I fl— 1 \ 


9D{x,y) 

if a < 2(5, then 


< C2i(diam(Z/)‘' + 0 


+ 


_ 2^\d—j3-\-9 p-\-6 J ’ 


gD{x,z)hD{z,y) 

9D{x,y) 

(ii) For every 0 < a < /3 < 2, 

hD{x,z)hD{z,y) 

hD{x,y) 


< G 21 


+ 


<6-21 


X - z|'^-"+d \y - z\<i-<^+0 J ■ 


+ 


J. ^|c/—CK+/3 J ’ 


(4.35) 


(4.36) 


(4.37) 


(4.38) 


Proof (i) Let fnix, y) := \x - y\ '^+" ^ (^1 A any x,y G D,x y. Using (|4.18|), we 

have 

\x — y\a/2 y^o/2 ’ 


/ dpjxr/^ \ f dpjyr/^ \ _ 6p{xr/Hp{yr/^ 
\x-y\^Gj ^ \x-y\°‘Gj rp(x,y)°‘ 

and thus 


9D{x,z)fp{z,y) ^ \x-y\<^ 

6p{z)rp{x,y) 

a/2 

'rp{x,yy 

gp{x,y) \x — z\^~°‘\y — z\^~°^~*~h 

rp{y,z)rp{x,z) 


rp{x,z)_ 


(4.39) 


Note that 

6p{z)rp{x,y) ^ 6p{z){rp{x, z) + rp{y, z)) _ 6p{z) 6p{z) 

rp{y,z)rp{x,z) ~ rp{y, z)rp{x, z) rp{y,z) rp{x,z) 


(4.40) 


20 






































and 


rD{x,y) _ \x -y\ + 6d{x) \x - y\ 

rD{x,z) \x — z\ + 5d{x) ~ \x — z\ 

If \x — z\> \x — y|/2, then ()4.4ip < 3, and consequently by (I4.4np 

gDix,z)fD{z,y) 


(4.41) 


9D{x,y) 


< 


< 


< 


\x — z\'^ “|y — z\'^ 

\x — z\^~^ + \y — 

\x - z\‘^-°^\y - 

1 1 

+ 


_ a+/3 |y _ ^\d—a+y 


(4.42) 


Otherwise if \x — z\ <\x — y|/2, then (I4.4ip < ||x — y\/\x — z\, and consequently 


9D{x,z)fD{z,y) 

9D{x,y) 


< 


\x - y\ 


d—a 


— 7/1^/^ 


|a; - y\ 


< 


\x — z\‘^ °^\y — \x — 

\x — 

\x — — ^ 1 '^““+^ 

1 1 

+ 


|y _ ^jd a+p l^. _ 2|d-o/2|y _ 2.|/3 -o/2 


(4.43) 


If a > 2/3, then 


, , |y-z|“/2-/3 |y_^|a/2-/3 

(I4:.43P — -- 1 . 

|y _ 2 |d a/2 1^; _ ^jd a/2 

1 


< diam(Z/)"/2-/3 


+ 


— z\^ \y — z\'^ 


(4.44) 


Since hD{z,y) = fD{z,y) in this case, (I4.35P of Lemma [4.71 conies from (|4.43p and p4.44p . If 
a < 2(<?)/3, then 


(0311 


< 


+ 


_ ^Y^—a+0 |y _ ^\d—a+p ' 


and consequently. 


9D{x,z)fDiz,y) 


< 


9D{x,y) 

If a = 2/3, by (|4.46l) we have 

gD{x,z)hD{z,y) gnix, z)fD{z,y) 


+ 


X 


_ ^\d-a+P |y_2|d-o+/3' 


(4.45) 

(4.46) 


9D{x,y) 


9D{x,y) 

9D{x,z)fDiz,y) 




\y - ^1 


^{|?/-z|<e<5D(2)} + h_D(2;) 

log 


9D{x,y) 

\x_y]d-2p 5D{z)<^rD{x,yf^ \y - z 


\x — z\‘^~‘^l^\y — rD{y,zYri:){x,zYP^'^^ 5 d{z)'^^'^^ 


^ |x - zY^-P |y - Z^-^ ^{h-2|<e5D(2)} 


= : I+ 11. 


(4.47) 
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Fix an arbitrary 9 G (0,/3). Note that when \y — z\ > eSoiz), 

6D{zfrD{x,yf^ \y - z\ ^ Sn(z)^ \y - z\ 6D{zfrD{y,zf \y - z\ 

rD{y,z)^rD{x,zy^ 6 d{z) "" roiy^zY 5 d{z) roix^zY^ 8 d{z) 

< -II \y- ( ^D{z) y \y-z\ 

rf){x,z)l^~^ \x — zY~^^ \\y — z\ ) 5 d{z) 

< (4.48) 

\x - z\P+^ 

The last inequality comes from the fact that g{x) := logx)l{^>g}. is bounded from above 
by 9~^. Consequently 


I 


< 

rsj 


< 

rs^ 


_ y|d-2/3 


x — z 


d- 


2 /^12/ — z\^ ^ 


i + e 


1 


{\y-z\>edB{z)} 


+ 


-i \y- zY+^ 
\x - zY+^ 

1 


{\y-z\>e&D{z)} 

9-^ 


3-1 


+ 


_|y_ zY~f^ \x _ \y _ 


(4.49) 


Thus by (j4.47p and ()4.49p we have 
gD{x,z)hD{z,y) ^ 


(diam(Z))® + 0 -^) 


gD{x,y) 

So we get (|4.36p of Lemma 021 If o; < 2/3, note that 

gD{x,z)hD{z,y) 

9D{x,y) 

9Dix,z)fDiz,y) r^\y - zY-°‘/‘^\ 


+ 


x — zY~^+^ \y — zY~f^+^ J ' 


9Dix,y) 


6d{z)^ 


9D{x,z)fD{z,y) gD{x,z)fD{z,y) \y - zf 

gDix,y) i^n(z)>\y-z\}+ 5 d{zY-^/^ {^o{z)<\y-z\y 

= : III + IV. (4.50) 


obviously (14.461) implies that 


III < 


+ 


_ ^^d—a+fi ^y — ^^d—a+0' 


(4.51) 


For IV, since r£){y, z) \y — z\ for y,z G D with 5d{z) < \y — z\, we have 


IV 


\x — yY “ ^D{zY^‘^rr){x,yY \y — z^ 

X — r£)(y, 2;)“/2r£)(x, z)“ 6Diz)^~°‘^‘^ VDy)<\y A} 

\x - yY~°' 6D{zY~^rD{x,y)°‘ 

x — zY~°‘\y — zY~^^^ \y — zY~^rj:){x, zY 


(4.52) 


22 











































Note that 


5 d{zY ^rD{x,y)'^ 

\y — z\^~f^r£){x, z)°‘ ^^o(z)<\y-z\} 

^ / rD{y,z)^\ 

- \y- z\<--0 V roix, z)^ J H5d(.)<|3/-.|} 

^ 1 5d{zT~^ rpjy^zY 

~ ri:){x^z)°‘~^ \y — z\°‘~^rD{xTzY 

\y-zf 


< 1 + 


Thus 


(irai) 


< 


< 

rs_/ 


\x — z\l^ ' 

|x — 7/1'^““ 


+ 


\x - y\ 


d—a 


\x - z\<^-°\y - zl«*-“+/3 \x - z\‘^-°+P\y - z\<^-<^ 

1 1 

+ 


_ 2^^d—a+fi |y _ ^^d—a+0 ' 

By (I4.5nj> . ()4.5ip . (|4.52p and (I4.54p we proved (j4.,47p for a. < 2/3. 
(ii) If a > 2/3, we have 

hD{x,z)hD{z,y) 


— 7/1'^-"+/^ 


\x - y\ 


hnix.y) 


SD{z)rD{x,y) 


< 

rs_/ 


< 

rs_/ 


\x — z\^ Q!+/3|y _ _j,|d a+fd yr£){x, z)rj:){y, z) 
\x — 7/1“'“"+^ 


\x - z\<^-<^+l^\y - 

1 1 


+ 


j. _ ^^d—a+j3 |y _ ^^d—a+/d ' 


If a = 2/3, we have 

hD{x,z)hD{z,y) 

hD{x,y) 

\x — y\‘^~^ 


roix^yfSoizf (lVlogfe4)(lVlog^) 


\x — z\‘^ ^\y — z\'^ ^ r£){x, z)^rD{y, z)^ 

\x-y\'^~f^ rD{x,y)^6D{z)>^ 

\x — z\‘^~^\y — z\'^~f^ r£){x, z)^rD{y, z)P 


1 V log ^ 


log . . 1 


(4.53) 


(4.54) 


(4.55) 


"{\^-^\'^'^^D{x),\y-z\<e6D{z),\y-x\<e&D{x)} 
+ '^{\x-z\<eSu{x),\y-z\<e&D{^),\y-x\<e&D{x)} + log 5d{z) ^^\^~^\‘^^^o{x),\y-z\>eSo{z),\y-x\<eSo{x)} 

I" - "I ■ (4.56) 


\x — z 


^{\x-z\>e5Dix),\y-z\>eSD{z),\y-x\<eSD{x)} 

First we note that 

rD{x,yf5D{zf ^ Snizf Soizf 

r-D(x,^)/3rD(y,^)/^ ~ rD{x,z)f^ ^ rniy^zf “ 
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Since f{x) = {x ^ \ogx)l\^x>e} is bounded from above, we have 
rD{x,yY5D{zY \x-z\ 

rD{x,zYrD{y,zY 5 d{x) '^{\^-^\>^^D{:>^),\y-A<e^D{z),\y-x\<e&o{x)} 


< 


5d{zY ( 5d{x) \ ^ 


roiy^zY V|x - z 


log 


\x — z\ 
Sd{x] 


'^{\x-z\>e5o{^),\y-z\<e&j:,{z),\y-x\<e5j:,{x)} 


< 1 . 


Applying similar calculations to the remaining two terms in the bracket of (|4.56D . we get 

hD{x,z)hD{z,y) . \x-y\‘^~f^ 


hD{x,y) 


< 

r\-/ 


< 

r\j 


\x — z\'^ ^\y — z\^ 

1 1 


If a < 2/3, by (|4.18|) we have 


k — y\^ 

1 V h , ^ X 1 + 


\x — z\'^ P \y — z\^ ^ 

X — y\^~°‘^‘^ rD{x,y)^~°'^‘^ 


(4.57) 


and thus 


6d{x)^-'^/^ 
hD{x,y) X |x - 


5d{x)^~°‘/‘^ 5d{xY~°‘/‘^ 

^oivT'^ 


It follows from (j4.40h that 

hD{x,z)hD{z,y) 

hoix.y) 


rD{x,y)° ^5 d{xY 

x_y\d-a+p / SD{z)rD{x,y) 


< 


X — z\‘^~^+f^\y — \r£){x, z)rD{y, z) 

1 1 

+ 


|j. _ ^yi—a+fi |y _ ^yi—a+fH ' 

Therefore we complete the proof of (14.3811 . 

Definition 4.8. Suppose 7 > 0. For a function f defined on we define for r > 0, 


(4.58) 

□ 


Mj(r)= sup f dy. 

JB{x,r) \x y\ 


f is said to belong to the Kato class i/limj.|o M'J{r) = 0. For any bounded open set D C 
we define 

\fiy)\ 


MVD) := sup 


cSM"^ 


Id \x-y\<^-'y 


dy. 


Lemma 4.9. Let D be a bounded open set. Then for any bounded function b satisfying 

si [ Gn{x,z)SlGD{z,y)dz = f S^Goix, z)SlGD{z,y)dz, 'ix,y £ D, x^y. (4.59) 
JD JD 

Furthermore, let 7 := (a — /3) A (a/2) if af2 / fi and 7 G (0,/3) if af2 = j3. Then for any 
measurable function f G 

si f Gd{x, z)f{z)dz = f SIGd{x, z)f{z)dz, Vx G D. (4.60) 

Jd Jd 
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Proof. Fix x,y € D,x y. For any e > 0, 

{Gd{x + u,z) - Gd{x, z))b{x, u)\u\~'^~^S^GDiz, y) 


{ 2 :GD,|u|>£} 


< 


^llool^l ^ (■^) y) {G£){x -|- rt, 2^)l{2,x+iiSD,|ji|>£} 'P Gjoi^X, 2:)l{2gD||ji|>£:}) 

^ ClgC20 II^||ooI'^^l ^b,£){z, y') ^\x p U z\ ^{z,x+u&D,\u\>£} \x z\ l{ 2 GZ),|ti|>£}^ • 


Thus 


dzdu 


[ [ {Gd{x+ u,z) - GD{x,z))b{x,u)\u\ ^S^GD{z,y) 

J\u\>£ JZGD 

< C'i6C'2o||i||oo f / [ \v - x\~'^~^\v - z\~'^^‘^hD{z,y)dzdv 

+ / f \u\~^~^\z — x\~'^^°‘hD{z,y)dzdu\ . 

J |-!i|>£ JZ£D J 

It is not hard to prove the integrals in (I4.6ip are finite. Thus the integral 

/ / {Gd{x + u, z) — Gd{x, z))b{x,u)\u\~'^~^S^GD{z,y)dzdu 

J |u|>£ J Z^D 

is absolutely convergent. By Fubini’s theorem, we have 

5 ^ / GD{x,z)SlGDiz,y)dz 
J D 

{Gd{x + u,z) — Goix, z))b{x, u)\u\~‘^~^SlGDiz, y)dzdu 


(4.61) 


= lim / 

J\u\>£ JzGd' 


lim [ [ {Goix+ u,z) — GDix,z))b{x,u)\u\ ^di 

^^^JzeD J\u\>e: 

/ {Gd{x + u,z) — Gd{x, z))b{x, tt)|tt|“'^“^dt 

J |tt|>£ 


I zeD 

lim 

£—^0 


SlGD{z,y)dz 


SlGD{z,y)dz 


SlGD{x,z)SlGD{z,y)dz. 


ID 


Here the third equality follows from dominated convergence theorem since for A = {6d{x) A |x — 
z\)/2 and e > 0 sufficiently small, we have 


< 


/ {Gd{x + u.iz) — GD{x.iZ))b{x,u)\u\ ^du\ 

J |u|>£ 

/ {Gd{x + u,z) - Gd{x, z) - VxGd{x, z) ■ u)\u\~'^~^ du\ 

J |tl|>£ 

I \Gd{x + u, z) — Goix, z) — VxGoix, z) ■ u||6(x, ti)||ri|“'^“^dti 

|ti|<A 

/ {Gd{x + u,z) + Gnix, z))\b{x, u)\\u\~'^~^du 

J\u\>\ 


+ 

'|u|> 

= \S^x\Gd{x,z) 
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and by (I4.34p and (I4.38P 


IzeD 


\S^JGDix,z)\Sl\GDiz,y)dz 


< 


Clo / hD{x,z)hD{z,y)dz 
J z&D 


< G 2 oG 2 ihDix,y) / \x - z\ ^ + \z-y\ ^dz <qo. 

J z£D 

Hence we get (|4.59D . To prove (Id.bOp . first we note that Kd^-y C Kd^a-j3 C For any e > 0 

and X G D, we have 

[ [ \Gd{x + u,z)- Gd{x, z)\\ fi^)\dzdu 

J\u\>6Jd 

f Goix + u, z)\u\~'^~^\f{z)\dzdu 

:,u-\-xGD JD 

J GD{x,z)\u\~'^~'^\f{z)\dzdu\ 


< 


< 


' |ti|>e . 


.Ci6 




'\u\>e^u-\-x^D \J D 


x + n —zl" '^\f{z)\dz ] du 


+ 


< 


[ ( [ \fiz)\\x - z\^-'^dz) du 

J\u\>£ \J D J 

looCie (^e“'^“^(diam(D) + \x\Y + Mf{D) < oo. 


In other words, jj^iGoix + u,z) — G^ix, z)) f{z)dzdu is absolutely convergent. We 

observe that for any 7 > 0 satisfying our assumption, hr){x, y) < ci|x — y\~'^~^"* for some positive 
constant ci = ci((i, a,/3, diam(T)), (5£)(x)), thus 


j^hD{x,y)\f{y)\dy < ciM'j{D) 


< 00 . 


Therefore, we can apply similar arguments as in the proof of (I4.59P to get (|4.6Up . □ 

Lemma 4.10. Let D he a hounded G^d open set in Then for any bounded function b 
satisfying (na) and (m, we have 


GD{x,y) = GD{x,y) + [ G\){x,z)SlGD{z,y)dz, '^x,y G D. (4.62) 

JD 


Proof. In view of Lemma 14.21 and Lemma 14.61 it is easy to show that the integral on the right 
hand side of (|4.62l) is absolutely convergent, and is continuous in y £ ZI \ {x} for every x G D. 
The analogous formula of [21 (41)] also holds for the operator that is, for every cj) G G^{D) 
and X G D, 

f G^jo{x, z)C^^(p{z)dz = —(j){x). (4.63) 

Jd 
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With (I4.60p and (I4.63p . we can repeat the argnments in [21 Lemma 12] (with b{z)V replaced by 
and G by to get Lemma r4.ini □ 

Theorem 4.11. Suppose A G (0,oo). There exists a positive constant ri = ri{d,a, fi, A) 
and C 22 = C 22 {d,a, P, A) such that for any bounded function b satisfying (II.2p and (II. 4p with 
ll&llcx) < A, any ball B = B{xo,r) with radius 0 < r < ri, 

^GB{x,y) <GB{x,y) <^GB{x,y) and \S^GBix,y)\ < C 22 hB{x,y) (4.64) 

for x,y ^ B. Moreover, we have 

00 

GB{x,y) = '^Gk{x,y), (4.65) 

k=0 

where 

Go{x,y) := GBix,y) and Gnix,y) := [ Gn-iix,z)SlGB{z,y)dz forn>l, (4.66) 

Jb 

and the constant ri satisfies the following property: 

ri{d, a, (3, ^a) = Ari(d, a, /3, ^4), VA > 0. (4.67) 


Proof. (I4.67P follows directly from (|4.64l) and the scaling property for Gb- We only need to 
show (|4.64p . Withont loss of generality, we may assume ri G (0,1]. By (14.8p and ()4.34p . one can 
hnd positive constants ci = ci{d,a) and C 2 = C2{d,a,f3) such that for any ball B with radius r 
and x,y G B 

(4.68) 


Cl 

GB{x,y) X 9B{x,y) 


and 


\S^GBix,y)\ < C2AhBix,y). (4.69) 

Let 7 := (a — /3) A a/2 for a/2 / /3 and 7 := /3/2 for a/2 = (3. Note that by Lemma HTTl we 


have 


and similarly, 


/ gB{x,z)hB{z,y)dz 
Jb 

< 6^217“ 55 (a;,y) 

= : C{r)gB{x,y), 

/ hB{x,z)hB{z,y)dz 
Jb 

< C2ihB{x,y) 

Je 


dz 


(4.70) 


^ _ 2;^d—a+fi |y _ ^^d—a+g 


dz 


< 2G2i{a-l3) V" ^ hB{x,y) 

< C{r)hB{x,y). 


(4.71) 
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Let Gk{x,y) be defined by (|4.66l) . By the above, (I4.59p . (|4.68l) . and (|4.69l) . we have for all 
x,y e B 


\Gi{x,y)\ < [ GB{x,z)\SlGB{z,y)\dz 

Jb 

< C1C2A / gB{x,z)hB{z,y)dz 

Jb 


< ciC2AG{r)gB{x,y), 


and 


\SlGi{x,y)\ < [ S^,GB{x,z)S^,GB{z,y) 

Jb 

{c2Af / hB{x,z)hB{z,y)d. 

Jb 


< 

< {c2AfC{r)hB{x,y). 

Note that for every n > 1, we have 

Gn{x,y)= / GB{x,z)SlGn-i{z,y)dz, 
Jb 


(4.72) 


(4.73) 


(4.74) 


and 

SlGn{x,y)= [ S^,Gn-iix,z)S^,GB{z,y)dz. (4.75) 

Jb 

The above equalities are proved consecutively by induction. Thus by (I4.70p . (I4.7ip and induction, 
we have 

\Gn{x,y)\ < ci{c 2 AC{r)YgB{x,y) < cl{c 2 AG{r)YGB{x,y), (4.76) 

and 

\SlGn{x,y)\ <C2A{c2AC{r)YhB{x,y). (4.77) 

Applying Duhamel’s formula (14.621) recursively n times, we get for n > 0 and x,y £ B,x y, 


G 


B 


n „ 

{x,y) = '^Gk{x,y) + / G]^{x,z)SlGn{z,y)dz. 
k=o Jb 


(4.78) 


Note that G{r) = 6 C' 2 i 7 | 0 as r | 0. Now we let ri G (0,1] be sufficiently small so that 

5 := C 2 AG{ri) < l/(2cf + 1). By Lemma Wj2 \ and (14.771) . we have for any r G (0,ri], 


lim 

n—>-cx) 


[ G^B{^T^)S\Gn{z,y)dz < lim C2A5^Ciq [ \x — z\ '^^°'hB{z,y)dz = Q. 
Jb n->cxD 


This together with (j4.78l) establishes (|4.65p . The first assertion in (I4.64p then follows from the 
fact that 


'^\Gn{x,y)\ < '^cl5'^GB{x,y) < GB{x,y)l2 

n=l n=l 
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for any B = B{xo,r) with r G (0,ri]. We next prove the second assertion in (14.641) . Note that 
by (14.651) . 


5 6 /o6 

X^B; 


{x,y) = A{d,-/3)lim 

J\z\>s 


Gs (a; + 2,2/) -Gi (x,y) 


A(d, —j3) lim [ [ lim ■ 


z\d+l3 

Gkj x + z,y) - Gk{x,y) 

\z\d+P 


b{x,z)dz (4.79) 

b{x, z)dz. 


Note that by (I4.77p . for any n > 1, 

n n 

'^\Gk{x + z,y) - Gk{x,y)\ < {GbAx + z,y) + GBr{x,y)) 

k=0 k=0 

< C1C3(1 - 5)-^ (\x + z- + lx - . 

The last term is absolutely convergent with respect to \b{x, z)\\z\~'^~^dz on the domain {z G 
: \z\ > e} for any e > 0. Thus using the dominated convergence theorem, we can continue 
the calculation in (14.791) to get 


SlG’^Br{x,y) = .A(d,-/3) liin lim 


e^O n^ao 


E 


l^l>= \k=0 


Gkjx + z,y) - Gkix,y) 

\z\d+l3 


b{x,z)dz 


= A{d,—fi)\\m. lim Fn{e), 

£—>0 n—>-oo 


(4.80) 


where 

n 

F„(e) := / {Gk{x + z,y) - Gk{x,y))b{x,z)\z\~''‘~^dz 

k^Qj\z\>e 

for e > 0. It follows from (I4.75p . (I4.77p . Lemma [4.6l and Lemma [4.91 that for any n,Tn € Z_|_, n > 
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m and any A, e > 0, 


Fn{e) - Fm{e)\ 

Gk{x + z,y) - Gk{x,y) 


S i, 

El l 


y|d+/3 


b{x,z)dz 


k=m+l . 


\z\>s 


E 

:=m-f 

n « 

< V C2A5^-^ / 


GBrix + z,u)-GBAx,u) , M.I J 

-- SuGk-\{u, y)b{x, z)dudz 

GBr{x + z,u) -GBr{x,u) -VGBr{x,z) • 2 ; 1 {| 2 |< a } 


/|c/+/3 


b{x,z)dz 


S^Gk-i{u,y)du 


\GBrix + z,u) - GBrix,u) - VGBrix,z) ■ zl 


k=m+l \“'|2|<A 

f GBr {x + Z,u) + GBr (x, u) 

\z\>X 


+ 


\z\d+0 


\z\d+0 

\b{x,z)\dz hB^{u,y)du 


|6(x, z)\dz 


< 


C2C4 E ^ / hBr{x,u)hB,iu,y)du 


k=m-\-l 


n 


10 p 

< C2C4C5hB,{x,y) ^ y ( 1 ^ - + ly -'“1”'^’^“”^) 


fc=m+l 


< CGhBAx,y) 

k=m-\-l 


Here c, = Ci{d,a,P,A) > 0, i = 4,5,6. Therefore sup^^g ~ Pmi£)\ —)• 0 as m, n ^ 00 . 

This implies that {T„(e) : n > 1} is an uniformly convergent sequence of continuous functions. 
It follows that 

n 00 

S^Gb^{x,z) = lim lim Fn{e) = lim liniT„(e) = lim ^S^Gk{x,z) = ^S^Gk{x,z). 

k=0 k=0 

The second assertion in (14.6411 now follows from estimate (j4.77ll . □ 

The proof for the following lemma is similar to that for the first assertion in (14.641) . We omit 
the details here. 

Lemma 4.12. Suppose D is a bounded G^'^ open set in with characteristic {Rq,A.q) and 
A G (0,oo). There exists a positive constant r 2 = r 2 {d,a, (3, D,A) G (0,i?o) such that for every 
bounded function b satisfying and (m with ||6 ||cxd < A, every Q G dD and r G (0,r2], we 
have 

1 3 

2 Gv{Q,r)ix,y) < G^(Q,.)(a:, 2 /) < -Gv{Q,r)ix,y), Vx,y G V{Q,r). 

Moreover r 2 satisfies that r 2 {d, a, ft, XD, = Xr 2 {d, a, (3, D, A) for any A > 0. 
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It follows from (13.11) that for every bounded open set D in every / > 0, and x £ D, 


Eo 


(/(X^^) : f{z) y^G'h{x,y)j\y,z)dy^ dz. 


Define 


K 


D 


{x,z):=[ G^j:){x,y)j^{y,z)dy, V(x,z) 
Jd 


^ , £Dx 

J D ' 

Then (I4.8ip can be rewritten as 

E, (/(X^^) : X^^_ / ^ 4 ) = f{z)KUx^ z)dz. 


(4.81) 

(4.82) 

(4.83) 


Lemma 4.13. Suppose D is a G^’^ open set with diam(i4) < rs := |e(X) A 3ri. Here ri is the 
constant defined in Theorem \ 4 .ll . Then 

X\ G do] =0, Vx G D. 


G D. 


In this case, for every non-negative measurable function f, 

1Ex/(X^6)=/ f{z)K\){x,z)dz Vx 
o JH 


Proof. Fix X £ D. Set r = ^{ 6 d{x) A ri). Obviously ^doix) > r > ^ {Sd{x) A |diam(D)) > 
^doix). Let B := B{x,r) C D. Since diam(D) < e(4.)/4, by the inner and outer cone property 
of Lipschitz domains we can find a ball B' = B{xo,r) C {z £ : dist( 2 :, D) < e{A)/2^ such 

that its distance to B is comparable with r, i.e. for every y £ B and 2 : G B', \y — z\ r. Note 
that for every y £ B and 2 : G i?', |y — 2 ;| < e{A). It follows from (I4.83jl . Theorem 14.111 (13.41) and 
(j4.7l) that 



p, (x;. 

G S') = 

[ [ G%{x, 

JB' JB 

y)j\y,z)dydz 




> 


x,y)j{y,z)dydz 




= 

- / KB{x,z)dz 

4 Jb' 




> 

c > 0 


for some constant c 

= c{d, a) > 0. 

Let Dn 

■.= {y £D ■. 

^niy) > I/n} for every n £ 

sufficiently large, we 

have B C 

Dn- 

In this 

case 


Px (x\ 

V 

€B) = 

Px( 

Jx^, £D\Dn)+r^ 

(x^5 GS„\S,X^, £d) 


< 

Px( 




< 

1 - 

p=. (x^i 

G S') < 1 - 
1 / 

C. 


(4.84) 
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Let u{x) = Pa; e dD^ and C := sup{it(x) : X G D}. By the strong Markov property, 

u{x) = Pa;(n(X^, gd) 

= Pa; ):Xl, G do) + Pa; G d) . 

V Dn Dji / V -Dn Dn / 

G dD] = 0 by (13.111 . we get 

■^On / 

n(x) = Pa; G , 

and consequently C < (1 — c)^. Thus (7 = 0. □ 

5 Duality 

In this section, we assume that E is an arbitrary open ball in We will discuss some basic 
properties of X^'^ and its dual process under a certain reference measure. By Theorem 13.21 and 
Lemma 13.51 X^'^ has a jointly continuous strictly positive transition density x, y). Using 
the continuity of p\{t,x,y) and the estimates 

X, y) < p\t, X, y) < A 

we can easily prove that X^’^ is a Hunt process with strong Feller property, i.e., Pj’’^ f{x) := 
Ea.[/(X^®)] G ChiE) for every / G Bfe(U). 

Define 

hE{x) := / GE{y,x)dy, ^E{dx) := hE{x)dx. 

Je 

Proposition 5.1. hE{x) is a strictly positive, bounded continuous function onE. f,E{dx) is an 
excessive measure for X^'^, that is, for any non-negative Borel function f, 

[ Pt'^f{x)f,E{dx) < [ f{x)iE{dx). 

Je Je 

Proof. The first claim follows from (|4.11ll . (I4.12p and the continuity and strict positivity of 
p^^{t,x,y). We only need to show the second claim. By Fubini’s theorem and Markov property 


|x - y\^+'^ 


Since P^ 
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we have 


[ Pt'^f{x)iE{dx) = [ [ Pt’^f{x)GE{y,x)dxdy 

Je JeJe 


r r 

Ey P^Pf{XlP)dS 

JE L^O 
r*oo 

Ps'^f{y)dsdy 


dy 



E Jt 


< 


E JO 


P^’^f{y)dsdy 

f{x)GE{y:x)dxdy 


IE JE 

f{x)iE{dx) 


□ 


The transition density of the subprocess with respect to is defined by 
X, y) ■= 2 /) e (0, oo) X E X E. 

Then 

GEix,y)-=j^ pE{t,x,y)dt = yx,yeE 

is the Green function of X^P with respect to ^e- It is easy to see that G\{x, y) has the following 
properties: 

(Al) G^j,{x,y)>0 on E X E, and G^^ix, y) = oo li and only if a; = y; 

(A2) For every x € E, G\{x, ■) and Ge(-,x) are extended continuous in E] 


(A3) For every compact set K C E, ^j^G\{x,y)^E{dy) < oo. 

(A1)-(A3) imply that the process X^P satishes the conditions (R) of [13] and conditions (a)(b) 
of [ISl Theorem 5.4]. Thus it satishes Hunt’s Hypothesis (B) by [131 Theorem 5.4]. It follows 
from m Theorem 13.24] that X^P has a dual process X^P with respect to the reference measure 
^E, and X^P is a standard process. G^^{x,y) also satishes the following properties (A4) and 
(A5). 


(A4) For every y € E, Gg (•,?/) is an excessive function with respect to X^P , that is, for every 
t > 0 and X £ E, 

E,(G^(A^'',y))<G^(x,y), and hmE,(G^(X^'^,y)) = G^(x,y). 

For every y £ E, G\{-,y) is harmonic with respect to X^P in E \ {y}. Furthermore, for 
every open set C/ C E, we have 

E, [&EiX^P, y)] = G^(x, y) for (x, y) £ E x U, 
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where Tjj ;= inf{t > 0 : G U}. In particular, for every y £ E and e > 0, is 

regularly harmonic on \ B{y, e) with respect to . 

(A5) For any compact set K C E and y £ E, ^^G^^{x,y)^E{dx) < oo. 


Proof of (A4). Using some standard arguments (for example, [101 Proof of (A4)] and the 

reference therein), we only need to show that for every x £ E\U, Kx{G°^{X’f, , •)) is continuous 

^ -'a 

in U. Fix x £ E\U and y £ U. Let r := 6u{y)- For any y £ B{y,r/A) and 6 £ (0,r/2), by Levy 
system representation of X^'^ and (14.lip , we have 




b,E 


G\{z,y) / G%-^jj{x,w)j^{w,z)dw dz 


JB{y,5) 

f G<f;iz,y) 

JB{y,5) hE{y) 


IE\U 


Ie\u 


G^^\jj{x,w)j’"{w,z)dw dz 


< 


< 


Cl 


'^^^yeB{y,r/4) JB{y,S) 

C 2 


k - y\ 


—d+a 


/ I 

J E\U 


\x — w 


—d+a 


Z — W 


—d—a 


+ |z - dw 


dz 


inf 


yeB{y,r/A) 


hE{y) 


f U_y|-rf+« 

f |x - 

^ ^ JB{y,S) 

Je\u 


dz 


for some Ci = Ci{d,a, f3, E, A) >0, i = 1,2. Thus for any e > 0, there exists 6 £ (0, r/2) 
sufficiently small such that 


sup Ea; 

yeB{y,r/i) 


Gi?(y,5) < e/8. 


Fix a sequence {yn} C B{y,r/A) such that yn ^ y as n ^ oo. Since G\{u,v) = G^^{u,v)/hE{v) 
is bounded and jointly continuous in [E \B{y, 6)) x B{y, 6/2), by bounded convergence theorem 
we have 


lim 

n^oo 


Ea 


, 1/0 - , 2 /) : 0 Biy,6) 

-‘a -‘a -‘a 


= 0 . 


Therefore, for n sufficiently large. 


Ea 


G0<f,yn) 


< Ea 


+ 


G%{xb.tyn)-X'ff^ £B{y,6) 


- Ea 


b,E 




+ Ea 


G^(Aj,f,i/):A;’f Gi?(y,0 

-'a -'a 


.b,E 


Ea 


GUxX,yn) - G0AX,y) : 0 B{y,6) 


< e/2. 


Hence we complete the proof. 


□ 


Theorem 5.2. For every increasing sequence {Un '■ n > 1} of open sets with Un C Un+i and 
Un t E, lim„^ooEa.(G^(Ajf ,0) = 0 for every x,y £ E with x y. Moreover, for every 

Ett_ 


x,y £ E, limi_^ooEa;(G^(A^^’-®,y)) = 0. 
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The proof for the above theorem is much the same as ini Theorem 5.4], so it is omitted here. 
Using (A1)-(A5) and Theorem l5.2l we get from [laile] that the dual process is a transient 
Hunt process. Let denote the semigroup of . Then for every f,g ^ L‘^{E,^E{dx)), 

[ f{x)Pt’^g{x)^E{dx) = [ f{x)g{x)iE{dx). (5.1) 

JE JE 

Define := t and 

A®(x, dy) := iE{dy)^ V(x, y) e E x E, 

hE[y) 

N^{x,d):=[ j\x,y)dy, 'ix e E. 

Je<^ 

Then is a Levy system for X^’^ with respect to ^e- Let denote the 

Levy system for X^'^ with respect to ^e, then it satisfies = t and N^{y,dx)^E{dy) = 
N^{x,dy)^E{dx). Therefore, 


N^{x,dy) 


fiy,x) 

hE{x) 


iE{dy) 


f{y,x)hE{y) 

hE{x) 


dy, 


'i{x,y) £ E X E, 


N£:s,a)^( 

Je<^ hE[x) 

For any open subset U of E, let denote the subprocess of X^’^ in U. Then X^’^ and 

Xb'EP g^j.g (;lual processes with respect to ^E{dx). By the duality relation (15.ip . we have the 
following theorem. 


Theorem 5.3. For any open subset U in E, 

hE[X) 

is jointly continuous on [0, oo) x U x U, and it is the transition density of X^XP yjHh respect 
to Lebesgue measure. Moreover, 


Q 


poo 

'f{x,y) := / ^jf{t,x,y)dt 
Jo 


Gij{y,x)hE{y) 


r-u 

is the Green function of X^PP with respect to the Lebesgue measure. 


, y{x,y)eUxU 


6 Small time heat kernel estimates 

In this section we assume that D is a bounded open set in and that £" is a ball centered 
at the origin such that D C \E. We also assume that 6 is a bounded function satisfying (11.21) 
and (|1.4I) with ||6||oo < A < oo. Define 

M = M{A,E) := sup < sup ^ : b satisfies (11.21) and (11.4p with ||&||oo < ^ i • (6.1) 

UyO^E hE{y) j 
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M is a scale-invariant constant in the sense that M\ := M[A\, XE) = M(A, E) for every A > 0. 
Clearly M > 1. The finiteness of M follows from Lemma 14.21 domain monotonicity of Green 
functions, and Theorem 14.111 if the radius of E is large. We observe that by taking the radius 
of E to be 4diam(iA), the constant M depends on d, a, /3, A and D with dependence on D via 
the diameter of D. 


6.1 Small time upper bound estimates 

For an open subset U of E, let := inf{t > 0 : ^ U}. The proof of the following lemma 

is much the same as m Lemma 7.3], we omit the details here. 

Lemma 6.1. Suppose U is a open subset of jE. Ui, are open subsets ofU with dist(17i. Us) > 
0 and U 2 = U \ {Ui U C/ 3 ). Then for any x G Ui, y G U 3 and t > 0, we have 


Pu{t,x,y) < 




e C /2 


sup p'lj{s,z,y) + 

s<t 

zet/j 


t A E, 


'(A.)) 


esssupugui j 


\u,z). (6.2) 


Puft, X, y) < MPa; ( G U 2 j sup p^(s, y,z) + M (t A E:r(r^f)j esssupuea 3 /(u, z). (6.3) 


'Cl 


S<t 

z€l/2 


^b,E 


p^(l/3,x,y) > ^Pa; ( > 


2 


> - ) essinfueci j*(u, 2). 

6 C /3 


y \'U 3 ' 3 


(6.4) 


Lemma 6.2. Let U be an arbitrary open subset of \E with diam(C/) < r^ where r^ is the 
constant in Lemma\4.13\ Then 


GdU] =0, 'ixGU. 


Proof. Fix X G U. Let r = ^{du{x) A ri). Through similar arguments as in the beginning of the 
proof for Lemma 14.131 we can find a ball B := B{x,r/2) C U and a ball B' C E D {z G : 
dist(^;, U) < e(d)} with radius and distance to B comparable with r. Since \z — y\ < e{A) for 
every z G B and y G B', it follows from Theorem 14.111 Theorem 15.31 and (13.4p that 




> [ [ G^B{y,x)j^iz,y)dydz 

Jb' Jb 

- / / GBix,y)j{y,z)dydz 

4 Jb' Jb 

= ^M-iPa; {Xrg GB')>C>0 


for some constant c = c(d,a) > 0. Thus we can apply similar arguments as in Lemma 14.131 to 
get the conclusion. □ 
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Lemma 6.3. There exists a scale-invariant positive constant C 23 = C 23 {d,a, P, D, A, M) such 
that for all X G D with 5d{x) < {ri A r 2 A r3)/16, we have 


<C23ilA6Dixr/^), (6.5) 

p. >l^< ^23(1 A <5z,(x)“/2). (6.6) 

Proof. We only give the proof of ()6.6I) . The proof of ()6.5p is similar. Let r* = ri A r 2 A rs. Let 
Qx G dD be such that \x — Qx\ = hoix). Denote U = V{Qx^x^/A) such that D n B{Qx, r*/8) C 
U G D r\ B{Qx,r^l2). Then by Lemma [4.121 Theorem 15.31 and Lemma [62] we have 

< Px (r^u^ 

= 4 / G^^(x,y)dy+ f f G^jf^x^y) ^ dydz 

Ju Jd\u Ju dE{y) 

= 4 / G\j{y,x) ^^^^^ dy + f f Glj{y,x)f{z,y)^^^^dydz 

Ju hE[x) Jd\uJu hE{x) 

< 6M f Gu{y,x)dy + ^M [ f Gu{y,x)f{z,y)dydz 

Ju ^ Jd\uJu 

< 6M f Gu{x,y)dy+ ^M{1 +Adiam{D)°^~f^) f [ Gu{y,x)j{z,y)dydz 

Ju ^ Jd\uJu 

= QMExiru) + ^M(l + ^diam(D)“-^)P^ S D \ [/) 

< ci 5[/(3:)"/^ = ci(iD(x)“/^ (6.7) 

for some scale invariant constant ci = ci{d,a, fJ, D, A, M) > 0. The assertion follows immedi¬ 
ately from (16. 7p and the fact that P^; > 1/4^ < 1. □ 

Lemma 6.4. There exists a positive constant (724 = G 2 A{d,a,/3, D, A, M) such that for any 
x,y G D, 

Pd(1/2, X, y) < (724(1 A 5d{xT^'^) (^1 A , (6.8) 

p^(l/2, X, y) < (724(1 A 5D{yT^‘^) (^1 A • (6.9) 

Moreover (724 satisfies that 


G24{d,a,P,XD,Ax,M^) < {1 W X-'^-^^)G24{d,a, P, D, A, M) 


for every A > 0. 
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Proof. We only need to prove (16.91) . The proof of (16. 8p is similar. Let r* = 1 A ri A r 2 A r^. By 
and the domain monotonicity, we get 


Pnit, X, y) < X, y) < ci A yx,yeD, t€ (0,1] 

for some constant ci = ci(d, a, (3, D, A) > 0. This together with (I4.12p and the scaling property 
for p’f) imply that 


p\){t,x,y) < C 2 




Vx, y £ D, t G (0, oo) 


( 6 . 10 ) 


for some scale-invariant constant C 2 = C 2 {d, a, j3, D, A) > 0. Immediately if Soiv) > ?'*/16, then 


pUl/2,a:,2/) 


< C 2 (l A |x-y| 

= 02(1 V (1 A (^1A |x - 

< C2 (^1 V (^1 A (^1 A |x - y\~‘^~‘^'^ 

= C 2 r-“''" (1 A SDivr^^) (1 A |x - y\-^-^) 


( 6 . 11 ) 


Now we consider doiy) < t*/ 16. For every x,y G D with \x — y\/S < r*, by Theorem 15.31 (jh.lOp 
and Lemma 16.31 we have 


pf){l/2 ,x,y) 


[ PD{'^/^,x,z)p’f,{l/i,z,y)dz 
Jd 

[ PDi^/4^,x,z)p]f{l/4,y,z)f^l^^dz 
Jd nE\z) 


< M^(lAlx-^|-'='-“)^/(l/4,y,z)dz 

< MP, (f^^>l/4) 

< C23M2(ia5z)(2/)“/") 

= C 23 M 2 (lv\x- (^1 A |x - (1 A 5D(y)“/^) 

< C 23 M 2 (1 V rf “) (1 A |x - y\-^-^) (l A 5^(2/)“/') • 

= C 23 M 2 (1 A lx - y |(1 A 5D(y)“/') . 


( 6 . 12 ) 


Next we consider x,y G D with |x — y |/8 > r*. Let Qy G dD be such that \y — Qy\ = 5d( 2/)- Let 
Uy := V{Qy,r^f2) be a domain such that D B{Qy,r^/A) dUyC. D r\ B{Qy,r^). Denote 
D^, = {z G D ■. \z — y\ > \x — y|/2} and D 2 = D \ {Uy U D 3 ). Note that by (|6.3p we have 


PDi'^/‘J,x,y) 


< 


M¥y ( G D 2 ^ sup Pe{s,x,z) 

V '^Uy J s<1/2,2GD2 

AM Q AEy(rJ^®) j esssup„g^^_^g£, 3 j^( 2 :,M). 


(6.13) 
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For every z & and u S Uy, we have \u — z\ > \z — y\ — \u — y\ > \x — y\/2 — 2r* > |x — y|/4, 
and consequently, 


esssup^^u^^^^Dj\z,u) 

( Aid,—a) . , , ^.b(z,u — z)\ 

= esssnp^^Uy,zeD^ + ^d,-f3) j 

< (1 +Adiani(Z))“-^)|x-yr'^-“ 

= (1 + ^diam(Z))“-^)(l V lx - y\-‘^-^) (l A |x - ^1“'^"“) 

< (1 + Adiam(Z))“-^)r-‘^-“ (l A |x - y\-'^-^^ . 

For any z G D 2 , we have |z — x| > |x — ?/| — |?/ — z| > |x — y\/2 > 4r*, thus 


sup p^jj{s,x,z) 
s< 1 / 2 ,zGD 2 


< 


< 


< 

rs_/ 


s<1 /2,2:G-D2 


\x - y\ 


sup I s A 


X — 


— d—OL 


(lA|x-y|-''-“) . 


By (I6.13|) . (I6.14|) and (|6.15p . we have 

PD(l/2,a:,y) < (l A |x - y\~'^~'^ 


XX,gD2 +Ey{r^^) 


(6.14) 


(6.15) 


for some scale-invariant constant C 4 = C 4 ^{d,a,j 5 ,D,A) > 0. By Lemma 14.121 we have 


< 

< 


X%^D 2 ]+Ey{r^^) 


'^,E\ 


ID 2 JUy 


GuAw,y)j^{z,w) ^^^^\ dwdz + [ G\j {w,y) dw 


hsiy) Juy ^ ’ hE{y) 

C 5{1 + Adiam{D)°'~d)M [ [ Guy{w,y)j{z,w)dwdz + [ Guy{y,w)d 

Jd 2 Juy ^Juy 

C(in°‘^‘^6uy{yTG = CGn°‘^‘^6D{yTG 


for some scale-invariant positive constants C 5 = c^i^d, a, /3) and cq = C 6 (d, a, [3, D, A, M). There¬ 
fore for every x,y £ D with |x—y |/8 > r*, there is a scale-invariant constant cj = cj^d, a, /3, D, A, M) > 
0 such that 


Pd( 1 / 2 , 3 :, 2 /) < cyr* "“ 5 d( 2 /)"^^ (l A |x - ?/| . (6.16) 


Combine () 6 . 1 ip . () 6 . 12 l) and ()6.16p . we have 


p|,(l/2, X, y) < C8(l V r, " ^“)(1 A <5z,(y)“/2)(i a |x - y|-''-“) 


for some scale-invariant constant c% = C 8 {d,a, f3, D, A, M) > 0. Hence we complete the proof 

— d—^OL 

by setting C 24 = 03(1 V r* ^ ). In this case C 24 satisfies that G 24 {d,a, /3, XD, Ax, Mx) < 
(1 V X~^~^°‘)G 24 {d, a, /3, D, A, M) for any A > 0. □ 
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Lemma 6.5. There exists a eonstant C 25 = C 25 {d,a, P, D, A, M) > 0 such that 

p^(l,x,i/) < C25(l A<5z)(a;)“/2)(1 A<5z)(yr/2)(1 A [x - Vx,y e D. 

Moreover C 25 satisfies that 

C25{d,a,/3,XD,A2,,Mx) < {IW X-^‘^-^^)C25{d,a,/3,D,A,M) 


for any A > 0. 

Proof. By semigroup property and Lemma 16.41 we have 
PD{'^,x,y) 

= [ PDi^/‘^,x,z)pD{l/2,z,y)dz 

Jd 

< ClfilASD{xr^^){lA6D{yr^^) [ {lA\x-z\-^-^){lA\z-y\-^-^)dz 

< ciC'| 4 (l A A (5D(y)“^^) / pil/2,x,z)p{l/2,z,y)dz 

= ciC'|4(l A (5D(a^)"^^)(l A 6D{yT^^)pil,x,y) 

< ciC2Cl{l A 5d(x)“/2)(1 a 5D(y)“/')(l A lx - y\-^-^) 

for some positive constants Cj = Ci{d,a,fi), i = 1,2. Hence we complete the proof by setting 
C 25 = CiC2C'24. □ 

Theorem 6.6. For every 0 < T < 00 , there is a positive constant C 2 & = C 2 e{d, a, fi, D, A, M, T) 
such that for every {t, x, y) £ (0, T] x D x D, 


PDit^x,y) < C 26 




1 A 


dniy) 


0/2' 


Vi 


t-d/a ^ 


jx — 


Proof. Set X = t by the scaling property (14. 3 1 ) and Lemma ESI we get 

PD{t^x,y) 

= ^~'^P\VWx,Xy) 

< C25(d, a, /3, All, Ax,Mx)X-Vl A 5 ad(Ax)“/2)(i a hxniXyT^VV A | Ax - Ay|-''-“) 


< {iyV+^'^/<^)C25{d,a,/3,D,A,M) [lA^^ 


a/2 


1 A 


dniy) 


a/2 


< (1 V T3+2'='/“)C25(d, a, /3, D,A,M)ilA 


doix) 


a/ 2 ' 


Vi 


1 A 


Vi ) 

doiyT^"^ 


Vi 


^-d/a ^ 


t-d/a ^ 


t 


X — 

t 

\x — y|'^+" 


Hence we complete the proof. 


□ 
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6.2 Small time lower bound estimates 

The next proposition follows directly from Proposition 13.41 and Theorem 15.31 

Proposition 6.7. For any oi G (0,1), 03 > 02 > 0, d > 0 and R G (0,1/2], there exists a 
positive constant C27 = C27(d, a,/ 3 , ai, 02, 03, i?, d) such that for every xq G and B{xo,r) C 
with 0 < r < R, we have 


- <^27^ V for x,y £ B{xo,air), t G [a2r“, a3r"]. 




(6.17) 


Moreover, if b satisfies (11.61) for some constant e > 0, then (|6.17l) holds for all R > 0 and some 
constant C 27 = C 27 (d,a,/?,oi, 02 , 03 ,ii,d,e) > 0 . 

Corollary 6.8. For any ai G (0,1) and r G (0,1/2], there exists a positive constant C 28 = 
C 28 {d,a, I3,ai,r, A) such that 

PB(a;o,r)(l/3,a:,2/) > C'28?’"'^, Vx, ?/ G B{xo,air), 

- C 28 M~^r~‘^, Vx, y G B{xo,air). 

Moreover, ifb satisfies (frel) for some constant e > 0, then the above estimates hold for all r > 0 
and some C 28 = C 28 {d, a, /3, ai, r. A, e) > 0. 

Lemma 6.9. Suppose D is a bounded open set. There is a positive constant C 29 = 
C 29 {d,a, P, D,A,M) that is scale-invariant in D in the sense that C 29 {d,a, jd, XD, A, M) = 
C 29 {d, a, /3, D, A, M) for any X>1 so that for every x,y £ D with jx — yj < |e(d), 

p’hil, X, y) > C 29 (1 A (1 A 6 D{yr/^) (1 A lx - . 

Moreover, if b satisfies (HSl) for some constant e > 0 , then the above estimate holds for all 
x,y £ D and some C 29 = C 29 {d,a, f3, D, A, M,e) > 0 that is scale-invariant in D. 

Proof. Suppose D is a open set with characteristic {Ro,Ao) and scale tq. There exist 
sale-invariant constants 69 = (5o(7?o,A.o) G (0,ro/8) and Lq = Lo(7?o,^o) > 1 such that for all 
x,y £ D, there are ^ 3 , G H n B{x, L 960 ) and f,y £ D Cl B{y, Lq^o) with 25o) H B{x, 2do) = 0, 
B(^y, 2do) n B(y, 2do) = 0 and B(^x, 869 ) U B(^y, 869 ) C B. Set d = d(I), A) := (1 A Jq A n A r 2 A 
22^^)/10. Obviously, d is scale-invariant in D. By the semigroup property, we have 


PDi^,x,y) > j 

J V' 


> 


( / PD{l/8,x,u)du 

( essinf ugsfe.«)p|)(l/3, n, u) 

\ v£B(^y,S) 


Pz)(l/ 3 , X, u)p%(l/ 3 , u, v)p’f,{l/ 3 , V, y)dudv 


'VGB{^y,S) 


PDi'^/8,v,y)dv 


(6.18) 
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First we claim that there is a positive constant ci = ci(d, a, (3, D, A, M) which is scale-invariant 
in D, such that for every x,y ^ D with \x — y\ < ^e{A), 


essinfuesfe.«)P^(l/3,tt,u) > ci(l A |x - y| “). (6.19) 

Moreover, if b also satishes (|1.6p for some constant e > 0, then (I6.19P holds for every x,y ^ D 
and some ci = ci{d,a, /3,D,A,M,£) > 0 that is scale-invariant in D. 

Fix x,y £ D, u £ and v £ B{^y,5). Since SDi^x),dD{^y) > 85, then 5d{u),6d{v) > 

75. If \u — v\ < 25 < 1/5, the by the domain monotonicity and Corollary 16.81 we have 

Pd(1/3,u,u) > Ps(„,35)(1/3,u,u) > C2 > C2 (ia (6.20) 

for some C 2 = C 2 {d,a, /3, A) > 0. If \u — v\ > 25, then dist(i?(tt, 5), i?(u, 5)) > 0. By (16.41) and 
Corollary 16.81 


> 


> 


Pd{1/3,u,v) 

^Pu{TB(n, 5 ) > V 3 )lP,;(r^’®_ 5 ) > 1/3) (^essinfz)^ 


cssirif wgb(u,5) j 

y z£B(v,5) 


\w,z] 


> C 3 AI ^essinf™ 6 S(u, 5 )j^(rc, ^) 

z^B{v ,S) 

for some constant C 3 = c^{d,a, (3, A) > 0. Since for every x,y £ D with \x — y\ < |e(^), 
w £ B{u, 5) and z £ B{v, 5), 


\w — z\ < l^a; — + A5 < \x — y\ + 2 Lq5 -|- 45 < £{A) 

and Ire — z| < |ti — u| -|- 25 < 2|tt — u/ Thus we have by (1331) 

Pb{1/3,u,v) > C4M~‘^essmf^,eB(v.,s)\w — z\~'^~°‘ 

z^B{v,5) 

> C5M-^\u-v\-'^-‘^ >C5M-^{1A\u-v\-'^-'^), ( 6 . 21 ) 


where Ci = Ci{d, a, (3, A) > 0, i = 4,5. x,y £ D and \x — y\ > 5/8, then |tt — u| < \x — y\ + 
{2 Lq -(- 2)5 < (I 6 L 0 -|- I7)\x — y\ for every u £ B{^x, 5) and v £ B{^y, 5), and consequently 

1 A |u - > C6(l A |x - yr'^““) (6.22) 


for some constant cg = C 6 (Lo) > 0. If \x — y\ < 5/8, then |u — u| < (2Lo -|- 17/8)5 for every 
u £ B{^x,5) and v £ B{^y,5). Note that 5 < 1, immediately we get 

1 A |u — > C 7 > 07(1 A |x — y|~'^~“) (6.23) 

for some constant C 7 = ci{Lq) > 0. Therefore, (I6.19P follows from (I6.20p . (I6.2ip . (I6.22p and 
(I6.23p . When h also satisfies (|1.6I) . (I6.2ip is then true for every x,y £ D, every u £ B{^x,5), 
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V G B{^y,6) and some C 5 = C5{d,a, A,s) > 0. The above argument shows that (16.191) holds 
for all x,y € D. This proves the claim. 

Next we claim that there is a positive constant cg = cs{d,a, /3, D, A, M) which is scale- 
invariant in D, such that for every x,y ^ D 




p’}j{l/3,x,u)du > C 8 (l A 


(6.24) 



PD(.'^/^,v,y)dv > C 8 (l A 

,5) 


(6.25) 


We only give a proof for (I6.25D . The proof of (I6.24D is similar. First we consider y € D with 
dniy) < d. Let Q G dD be such that \y — Q\ = doiy)- Let Uy be the domain in D 
with characteristic {26Ro/L,KqL/26) such that D B{Q,26) C Uy C DnB{Q,46). Denote 
Vy := D n B{Q,66). Since dist(i?(^y, J), Dy) > 0, we have by (16. 4p 




'^^^B{^y,S) ^ l/3)dn I Py(ry)^ > 1/3) 


- w(. 

( essinf ^ 6 S(ej,, 5 ) j^(rc, z) ) . 
V J 

Since 5 < 1/10, it follows from Corollary 16.81 that 


(6.26) 


> 


/ / PB(ey,s)i'^/^’'>^^w)dwdv 

Jb(£,,,S/2) Jb(£„,S/2) 


lB{£y,5/2) JB{£y,5/2) 

> cq 6 ^ 


(6.27) 


where cg = cg{d, a, /3, A) > 0. Note that 6 < \z — w\ < {Lq + 8)5 < e(^) for every w G B{^y, 5) 
and z G Vy. Thus by (13.4p . 


essinf u,es( 5 j,,i) j^(r(;, z) > -essinf je(A)('W^) ^) 

2 G Vy ^ Z G Vy 

> - - 

“ 2 ((To + 8)5)'='+“ “ 


(6.28) 


where cio = cio(d, a, Lg) > 0. Since D is bounded and there is a ball B{yQ,2cii5) in 
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D r\ {B{Q,66) \B{Q,4:6)) for some constant cn = cii(d, Aq) G (0,1). Thus 


ib,E 


y\‘Vr 


b; > 


1/3) 


— 


r^''>l/3, & B{yo,cn6/2) 


>b,E 


= Ey ( > 1/3) ; XXe G B{yo,cu6/2) 


rb,E 


— 


> 


j~) I ^,E 

1 I 'T^ ^ ^ 


>1/3 1; X%^B{yo,cii5/2) 




’b,E \ ^,cii5) 


inf 


^b,E 

Xy 

b,E 


> 1/3) n>, I e b(!/„,cii 3 / 2 ) 


■weB{yo,cii5/2) 

It follows from Corollary 16.81 that for every w G B{yQ, cii6/2) 


(6.29) 


^ yB(w,ciiS) ^ 


1/3) 


- A,A/"’ 

> C 12 A/ 


-1 


(6.30) 


where C 12 = ci 2 {d, a, (3, A, Lq) > 0. Note that \w — z\ < lOd < e(A) for every w & Uy C B{Q, 45) 
and z G B{yQ,c\i5/2) C B{Q^Q 6 ). Thus by Lemma [4.121 and (j3.4p . 


> 


hEjz) 
hE{y) 

/ Guy{y,w)j{w,z)dwdz 
Juy 

(^Xr^^ G B{yo,cn6/2)"j 
> ci35-“/2<5f/^(2/)“/2 = cis5-^Gsj,(y)-P 


X^% £ B{yo,cu 6 / 2 ) ] = I I {w, y)f{z, w ) '/'/)/( dwdz 

JB{yofiiiS/2) JUy 

4M j 

-Pu 

4M y 


(6.31) 


for some constant C 13 = ci 3 (d, a,/3, Aq, i?o) > 0. By (16.261) . (I6.27p . (I6.28p . (I6.29p . (16.30^ and 
(j6.31D we conclude that for every y £ D with dniv) < S, 


'B{^y,S) 


p^j^{l/3,v,y)dv > > c^il A doivT^^) 


(6.32) 


for some positive constant C 14 = jjj 7 CgCioCi 2 Ci 3 which is scale-invariant in D. On the other 
hand if y G H with doiv) > 5, then since dist(B(^y, d), B(y, 5)) > 0, by (16. 4p we have 

I ( C 


[ Pz)(l/3,'y,2/)d- 

JB{^y,S) 


V > 


3M 


'B{^y,S) 


^ \‘B{^y,S) 


> 


dv 1 P„ ( r\ > 


y VB{y,S) 


1 / 3 ) 


I essinf^eB(iy,s)j^{w,z) 
V z£B{y,S) 


(6.33) 
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Similarly as in (I6.27P and (I6.29p . we have 

[ s)>^/^)dv> [ [ PB(^^ s)i'^/3,v,w)dwdv>ci56‘^, (6.34) 

and 

> cieM-i (6.35) 


for some positive constants Cj = Ci{d, a, (3, A), i = 15,16. Note that for every w G B{^y, 6 ) and 
z G B{y, 6 ), \w — z\ < {Lq + 2)6 < e{A). Thus 


where cn 


essinf ™6S(5j,,5) j^(r(;, z) 

zes(i/.i5) 


> 

> 


-essinf^sfl(ej^,5)je(ic,z) 

^ 2GS(y,5) 

1 A{d,a) ^ 

2 ((To + 2)5)-^+“ - 


—d 


ci 7 ((i, a,Lo) > 0. By (|6.33l) - (|6.36p . 


(6.36) 


/ p| 5 (l/ 3 ,t>,y)d?; > ci 8 > ci 8 (l A (5 d(i/)"'^^) for y G H with (5z)(y) > 5 

JB[iy,6) 

with ci 8 = ci 5 Ci 6 Ci 7 /( 3 M^) which is scale-invariant in D. This together with (I6.32p establishes 

(lO^ . □ 


Theorem 6.10. Suppose D is a bounded open set and T G (0,oo). There exists a positive 
constant C 30 = C 3 o{d,a, /3, D, A, M,T) that is scale-invariant in D so that for every x,y G D 
with |x — y| < |e(^) and t G (0, T], 


PD{t,x,y) > C 30 




'5D(y)“/^\ 

Vi ) 



\x - y\^+'^ 


Moreover, if b also satisfies (|1.6I) for some e > 0, then the above estimate holds for all x,y G D, 
all t G (0, T] and some positive constant C 30 = C' 3 o(d, a, (3, D, A, M, T, e). 


Proof. For any t G (0,T], set A = Recall that b\{x,z) := V~^b{x/\,y/\). Clearly 

II^aIIoo = A^““|| 6 ||oo < T^~^i°‘A. Since |Ax — Ay| < 4Ae(^)/5 < 4e(r^“^/“A)/5 for every 
x,y G D with \x — y\ < 4e(A)/5, it follows from the scaling property for p^^ Lemma [R9l that 

for \x — y\ < 4e(A)/5, 


Vhif^x^y) 

= ^~‘^P\D0-VxVy) 

> C29(d,a,/3, AIl,ri-^/“Al,M;,)(l A AAD(Aa;)“/2)(l A<5AD(Ay)“/2)(l A |Ax - Ay|-''-“) 


= C29(d, a, V D, T^-^/^A, M) ^1 A 
> C'29(d, a, V D, T^-^I^A, M) ^1 A 


Vi 

<^D(y)“/^ 

Vi 


i—dfa 


—djoL 


A 


A 


X — y\^+’^ 


_ nAd+a 


x-y\ 
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When b also satisfies condition (jl.6l) for some e > 0, the above estimate holds for any x,y ^ D 
as so does the estimate in Lemma 16.91 □ 


Corollary 6.11. Suppose D is a bounded open set with diam(H) < |e(^) and T G (0,oo). 
There exists a positive constant Csi = C 3 i{d,a, fd, D, A, M,T) such that for every x,y £ D and 
t G (0, T], 


PDii^,x,y) > Cai 1 A 


dnix) 


a/2' 


Vi 


1 A 


dniy) 


«/ 2 ' 


f-d/a 


Vi 


A 


lx — y\<^+‘^ 


Theorem 6.12. Suppose D is a connected bounded open set and T G (0,oo). There exists 
a positive constant C 32 = C 32 {d, a, (d, D, A, M, T) such that for every x,y £ D and t £ (0, T], 


PD{t,x,y) > C 32 




dD{yTi^\ 
Vi ) 



\x - y\^+'^ 


Proof. Suppose is the characteristic of D. Let to := Fix x,y £ D. In 

the rest of this proof, we use d{x, y) to denote the path distance between x and y in D. First 
we claim that for any 02 > oi > 0, there is a positive constant ci = ci{d,a, fi,ai,a 2 , D, A, M) 
which is scale-invariant in D, such that for all t £ [aitQ,a 2 to] and x,y £ D, 


PD{t,x,y) > Cl 






(6.37) 


It follows from Theorem 16.101 that the above lower bound is true for x,y £ D with d(x,y) < to 
or |x — y| < to- Now we consider x,y £ D with to < d{x,y) < 3to/2 and \x — y\> to. Let z be 
the midpoint of the path in D connected x and y. Immediately \z — x\\/ \z — y\ < 3to/4. Let 
r := |to A Rq. By Proposition 12.21 there exists a ball Bq := B{A,6r) C H n B{z,r) for some 
constant 9 = 0(Ao) G (0,1). Let Bi := B{A,9r/2). Fix wi,W 2 £ B{A,9r/A) and wi / W 2 . 
Note that for every w £ Bq, \x — w\ < \w — rcil -|- to and \y — w\ < \w — W 2 \ -|- to- For every 
t G [aitg,a 2 tQ], we have to -|- (t/2)^/" ^ (t/2)^/“, and thus 


— djoL 


A 


t/2 


_ 7,,|rf+0 


> 


\x — w 


Similarly we can prove that 


— djoL 


A 


t/2 


\y — 


C2(ai,a2) ( t 


—dfa 


—d/a 


—d/a 


1 A 


(t/ 2 )Vo 


d-\-a 


\w - rcil -I- to 
(t/2)V« 


d-\-a 


Ire - tciI -I- to -I- (t/2)i/° 


(t/2)V° 


d-\-a 


Ire — rcil -|- (t/2)^/“ 


—d/a 


A 


t/2 


\w — 


(6.38) 


C3(ai,a2) //2 


2 / ' ' \w — W 2 \^~^°‘' 
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(6.39) 




















Note that \x — w\\/ \y — w\ < to for every w G Bi. Thus for every t G [ait^, a 2 to], by Theorem 
16.101 (jB.OSp and (16.09^ we have 


PD{t,x,y) 


> 


[ Pd ( X, w)p\) (t/2, w,y)dw 

JBi 


> C4 1A 


5d{xY/^\ / ^ 5D{yT/^ 


1 A 


5d{w) 


1 A 




a/2 


JBi \ 

> C 5 ^1 A 

/ 

JBi 

> C6 ^1 A 
= C 6 ^1 A 

> C7 I 1 A 


\A72 

—d/a 


—d/a 


A 


t/2 


b — r(;b+" 


—d/a 


A 


t/2 


w - 


dw 


1 A 


SDivT'^' 


Vi 


A 


t/2 


\w — r(;ib+" 


— djOL 


A 


t/2 


W — 


dw 


,5z)(x)“/A / ^ 


<5z)(x)“/2' 

Vi 

5d(x)“/2' 


Vi 


1 A 


1 A 


1 A 


Vi 

Vi 

SDivri^' 

Vi 


iBi 


PBi {t/2, Wi , w)pBi {t/2, w, W 2 )dw 


PBi {t,Wi,W2) 


1 A 




Vi 


Vi 


t A 


> C8 1 A 




Vi 


1 A 


<^D(y) 

Vi 


a/2' 


t-d/a ^ 


_ riAdVot 


x-y\ 


(6.40) 


where Cj = Ci{d,a, /i,ai,a 2 , D, A, M) > 0, i = 4, ••• ,8, and the last inequality is because 
dBi{wi),dBi{w 2 ) > Or/A and Irci — W 2 \ < Or/2 < to/8 < b — y\/8. Inductively by semigroup 
property we can prove that (16.371) holds for every t G [aitg,a 2 io], every n G N and x,y G D 
with d{x,y) < nto/2. Since D is bounded and connected open set, there is scale-invariant 
constants cg = cq{D) > 1 and k = k{D) G N such that for every x,y ^ D, d{x, y) < cgb — y\ < 
C 9 diam(T)) < kto/2. Therefore the assertion can be generalized to every t G [aitQ,a 2 io] and 
every x,y G D hy repeating the above arguments. 
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For any t G (0,T], set A = tot Then by the scaling property and (I6.37p . we have 




> ci(d, a, /3,1,2, D, M) |^1 A (^1 < 




al2 


Vi 

soivr^^' 

Vi 


t-d/a ^ 


\x - y\ 


d+a 


t-d/a ^ 


|x — y\<^+‘^ 


The theorem is proved. □ 

Theorem 6.13. Suppose D is a bounded open set and T G (0, 00 ). Di and D 2 are two 
connected components of D with dist(Zli, 112 ) < ^e{A). Then there exists a positive constant 
C33 = C 33 {d,a, fi, D, A, M,T) such that for every t G (0,T], x G Hi and y G D 2 , we have 


p\){t,x,y) > C 33 




Vi ) 



\x — y\<^+‘^ 


Proof. Let xq G dDi and yo G dD 2 be such that \xo — yo\ = dist(Hi,H 2 ). Set r := |(|e(^) — 
l^o~2/o|) AHq. Choose ball Hi := H(^i, nr) C HinH(xo, r) and B 2 := B{A 2 , nr) C D 2 riB{yo, r) 
for some constant k = k(Ao) G (0,1). 

Case I: If X G Hi n B{xo,r) and y G H 2 n B{yo,r), then |x — y| < 4e/5. The assertion is 
immediately true by Theorem 16.lUI 

Case II: If x G Hi \ H(xo, r) and y G H 2 H H(yo, r), without loss of generality we may assume 
\x — y\ > 4e/5. For all 02 > ai > 0, every wi,W 2 G H(Ai,«:r/4) with wi / W 2 , every w G Hi, 
and t G [aidiam(H)“,a 2 diam(H)“], we have 


—d/a 


A 


t /2 


and similarly 


|x — 


> 


ci(ai,a2) / t 


—d/a 


—d/a 


—d/a 


1 A 


|rci — rcj + diam(H) \ 

(t/ 2 )V“ 


d-\-a 


d-\-a 


lull — u| + (t/2)i/" + diam(H) 
I A 


—d/a 


A 


|ui — u| + (tlTf^l^ 
t/2 


_ a./d+a ' 


|ui — U 


—d/a 


t /2 

> 


(01,02) 


|y — 


A 


t /2 


W2 - u|'^+" ' 


(6.41) 


(6.42) 
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Let -B 3 := B{Ai,Kr/2). Note that for every w G i? 3 , \y — w\ < By Theorem 16.121 

Theorem l 6 .ini (|6.38p and (I6.39p . we have for every t G [aidiam(L))“, a 2 diam(L>)"] 


PD{i,x,y) 


> 


[ PDiit/‘^,x,w)pD{t/2,w,y)dw 
JBs 


> C3 1 A 


6 nix 


.a/2 


1 A 


^D{y) 


a 12 


\A72 / V \A72 


1 A 


bui/w 


.a/2' 


JB 3 \ 

> C4 ^1 A 

/ 

JBs 

> C5 ^1 A 
= C5 ^1 A 

> C6 ^1 A 

t-d/a ^ 




—dfa 


A 


t/2 


lx — 


—d/a 


A 


t/2 


w - y\’^+‘^ 


dw 


Vi 


1 A 


bniy) 


a/2 


Vi 


—djoL 


boix 


A 


.a/2 


t/2 


\w — 


— djOL 


A 


t/2 


W — 


dw 


Vi 

Vi 


Vi 


1 A 


1 A 


1 A 


bniy) 


a/2 


Vi 

boiyT^"^ 

Vi 


/ PB3{t/2,Wi,w)pB3{t/2,W,W2)dw 

JBs 

PB3 {t,Wi,W2) 

bB3{'WlT^^ 


Vi 


1 A 


Vi 




t 


Itfl — W 2 \^^°‘ 


> C7 




1 A 


bniy) 

Vi 


a/2' 


^-d/a ^ 


X — y\^+’^ 


(6.43) 


where q = Ci{d,a, I 3 ,ai,a 2 , D, A, M) > 0, i = 3, • • • , 7. Using the scaling property, we can 
generalize the assertion to all t G (0, T]. 

Case III: If x G \ B{xo, r) and y G D 2 \ B{yQ, r), note that 


p\){t,x,y) > [ 
Jb[ 


PD{t/‘2, X, w)pb^ {t/2, w, y)dw. 


! B{A2,K,r/2) 

We can apply similar arguments as in Case II here and prove the assertion. 


□ 


7 Large time heat kernel estimates 

We recall the facts from spectral theory. Let ^ be a linear operator defined on a linear subspace 
D{A) of a Banach space Y. Its resolvent set p{A) is the collection of all complex number A G C 
so that (A/ — A)~^ exists as a bounded linear operator on Y. It is known that p{A) is an open 
set in C. The spectrum set cr(Al) is defined to be C \ p{A). 
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We assume that is a open ball in centered at the origin and D C jE an arbitrary open 
set. Define 

[ fiy)PDit^x^y)dx, feL^{D]dx). 

Jd 

Since for every t > 0, (x, y) i—)• x, y) is bounded on D x D, it follows that 

/ p\j{t,x,y)‘^dxdy = / p’^j^{2t,x,x)dx < oo. 

JdxD Jd 

So for each t > 0, is a Hilbert-Schmidt operator, and hence compact. Thus by Riesz- 

Schauder theorem, a{P^'^) is a discrete set that has limit point 0, and each non-zero A € a{P^'^) 
is an eigenvalue of finite multiplicity. We use (•, •) and || • ||2 to denote the inner product and 
norm in L^{D',dx), respectively. 

Theorem 7.1. There exist positive constants Xq = Xo{d, a, /3, D, A) and 0^4, = C' 34 (d, a, (3, D, A) 
so that 

PxiDi) > t) < Cs 4 e~^°^ for every x ^ D and t > 0. (7.1) 

Furthermore, := — supRe(T(£^’^) > Aq and there is a positive continuous function cj) on D 
with unit L‘^{D] dx)-norm so that 

cj) for every t > 0. (7.2) 

Moreover, is a discrete set consisting of eigenvalues that has no limit points, and —X^^ 

is an eigenvalue of with —X^f^ >Kep for any other p G 

Proof. Since for each t > 0, P^'^ is a compact operator, by m Proposition V.6.6], its spectral 
radius rt := sup{|A| : A € <x{Pr)} > 0 is an eigenvalue of P^’^ with a unique eigenfunction 
with unit L^-norm and (f>J^ > 0 a.e. on D. Moreover, if A is another eigenvalue of Pj’’^, 
then |A| < rt. Observe that for z G C and integer k > 1, z — P^f^ = nj=i(^i “ ^t’^) where 
{zj] 3 < j < k} are the complex k-th roots of z. It follows that for any t > 0 and A: > 1. 

rkt = rt and , 

the latter follows from the semigroup property P^f^cpJ'l = r^fp^J and the uniqueness of eigen¬ 
function corresponding to Xkt- (The above conclusion can also be deduced from ()7.4p below.) 
Let (p := and Ai := — logri. Then we conclude from the above display that rt = r\ = e~^^^ 
and (pJ^ = (p for every rational number t > 0. Consequently, Pt’^cp = e~^'^^cp for every rational 
t > 0 and hence for every t > 0 in view of Theorem 13.21 The latter theorem together with 
Proposition 12.11 implies that (p = e^^P^'^cp is a bounded positive continuous function on D. 
Clearly we have for t > 0 and x G D, 

\cp{x)\ < || 0 ||ooe"i*P^''l(x) = || 0 ||ooe"i¥,(r|, > t). (7.3) 

By Proposition 12.11 inix^DPxij^ < 1) > hrfajg/) Jj^,,p^{l,x,y)dy > eo > 0, where eo depends 
only on d,a,j5 and A. Consequently, sup^.^^) (r^ > 1) < 1 — Eq. It follows from the Markov 
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property of that sup^-g^) < (1 “ ^o)”- This establishes (17.11) with Aq := — log(l — 

Eq) and C 34 = e^°. Moreover, it follows from (17.31) that Ai > Aq. 

Recall that denotes the infinitesimal generator of in L‘^{D;dx). From above, 

clearly (p is an eigenfunction of with eigenvalue —Aq- Since each is compact, each 
resolvent operator {XI — C^P)~^ with A G p{C^P) is compact (cf. [T71 Theorem II.3.3]). Fix 
some A G p{C^P). By Riesz-Schauder theorem, <t((A — C^P)~^) is a discrete set that has limit 
point 0, and each non-zero point in (t((A — C^P)~^) is an eigenvalue of finite multiplicity. It 
follows that a{C^P) is a discrete set consisting of eigenvalues that converges to -|-oo and each 
eigenvalue is of finite multiplicity. We also know by m Theorem 2.4] that 

^ a{P^'^) C U {0}. (7.4) 

It follows then Ai = — supRe(T(£^’^). □ 

The large time heat kernel estimate for p^j^{t,x,y) can be obtained in a similar way as that 

in [6]. 

7.1 Large time upper bound estimate 

Theorem 7.2. Suppose D is an arbitrary bounded open set in and A,T ^ (0,oo). 
Let Aq > 0 and A^’^ > Aq be as in Theorem \71\ Then there are positive constants C35 = 
C 35 {d, a, (3, D,A,,T) >0 and C 3 Q = C 3 %{d, a, 13, D, A, b,T) >0 so that for every bounded func¬ 
tion b satisfying dLl and (HH) with ||l)||oo < A, we have 

PDi^,x,y) < {t,x,y) e[T,oo) x D x D. (7.5) 

and 

p]:,{t,x,y) < (iz)(x)“/^(5D(^/)"'^^ {t,x,y) £[T,oo) x D x D. (7.6) 

Proof. Without loss of generality, we assume T = I. Let cp be the positive eigenfunction in 
Theorem EH and ri = 4e(d)/5 the constant in Theorem 16.lUl First, for t > I, we have by the 
Chapman-Kolmogorov equation. Theorem 16.61 and Theorem 17. II 

p’^P{t,x,y) = [ p^P{l/2, X, z)p^P{t - 1, z,w)p’'P(1/2, w,y)dzdw 

JDxD 

< ci{l A 6 d{x))°‘^^{1 A 6 D{y))°'^‘^ [ p^P{t — l,z,w)dzdw 

JdxD 

< ciC34(I A 6D{x)r^\l A 5i,(y))“/2e-^o(t-i)|^|^ 

where ci = ci{d, a, j3, D, A) > 0. This proves (|7.5p . 

By the geometric property of the open set D, there is a constant k G (0,1) so that for 
every x G D, there is a point A{x) so that B{A{x), uri) C B{x, ri)riD. We know from Theorem 
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o that > 0. For notational simplicity, we write Ai for in this proof. 

4>{x) = e^^P^'^4>{x) 

> C 2 e^i(lA(iD(x))“/^ / (1 (l A I- KdT^'] (l^iy)dy 

JB{x,r^)nD V \x-y\‘^+°‘J 

> C2e^^{l ASd{x))°‘^'^ (l f {I A 5D{y)T^‘^(t){y)dy 

^ JB{A{x),Kr\) 

> C3e^i(lA(iz,(x))“/2. (7.7) 


Here C 2 = C 2 {d, a, (3, D, A) > 0 and C 3 = C 3 {d,a, f3, D, A,b) > 0. The last inequality is due to 
the fact that v{z) := f^iz Kri/ 2 )(^ ^ dD{y))°^^'^4>{y)dy is a positive continuous function on the 
compact set {z ^ D : 5 d{z) > Kri/2} and its minimum there is strictly positive. For t > 1, by 
the Chapman-Kolmogorov equation, Theorem 16.61 Theorem 17.11 and (17.7p . 


p’^'^{t,x,y) = 


< 

< 


< 


iDxD 


pb,D(i/ 2 , z)p^’^{t — 1 , z, w)p’^’^{1/2, w, y)dzdw 


C4(l A<5 d(x))“/^( 1 A<5D(2/)r/^ f p’’’^{t-l,z,w){lA6D{w))^/‘^dzdw 

JdxD 

C 4 C 3 (1 A A (5D(y))“/^ f p^’^{t — 1, z,w)(l){w)dzdw 

JdxD 

C4cj'e-^i(lA<5z)(a;)r/2(iA<5z)(y)r/' [ 

Jd 

C 5 C 3 A (5D(a;))"^^(l A 5D{y)T^‘^- 


Here c* = Ci{d,a,/3,D,A) > 0, i = 4, 5. This establishes (17.6F 


□ 


7.2 Large time lower bound estimate 

Theorem 7.3. Suppose D is a hounded open set and b is a bounded function satisfying 
dni) and (EH) with || 6 ||oo id A < 00 . Assume also that D and b satisfy one of the following 
assumptions: 

(i) diam(Il) < 4e(H)/5; 

(ii) D is connected; 

(iii) dist{Di, Dj) < 4e(H)/5 for every connected components Di,Dj of D; 

(iv) b satisfies ()1.6p for some e > 0. 

Then for every T S (0,oo), there exists a constant = C 37 {d,a, /3, D, A, M,T,e) > 1 such 
that for all {t, x, y) € [T, 00 ) x D x D, 

dDix)°^^6D{yT^‘^ <p^jo{t,x,y) < C^7e~^^d djoixT^^SniyT^'^■ 

Here X\’^ := — supRe(T(£^’^) > 0. 
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Proof. For notational simplicity, we write Ai for in this proof. Let (p be the positive 
eigenfunction in Theorem 17.11 By Theorem 16.61 and Holder inequality we have for every x £ D, 


(p{x) = e^^Pi^4>{x) 

= / (p{v)p^D{'^,x,y)dy 

JD 

< cie^i(l A / 4’{y)dy 

JD 

= : C 2 e^i(l A (5 d(3:)"/^) (7.8) 


where Ci = Ci{d,a,l3,D,A,M) > 0, i = 1,2. By the lower bound estimates for established 
in Section 16.21 and ()7.8p , under our assumptions we have for every x £ D 


= 

e^^iP 3 '’^</.(x) 


= 

/ (l){y)pD{^,x,y)dy 

Jd 


> 

(1 A diam(P)-'^-“) (l A Sd{xT^‘^^ j 

(lASDiyr^^) 

= : 

046^^1 (ia5d(x)“/^) j (lASnivT^^) 

(t>{y)dy 

> 

C 4 C 2 (1 A (5z)(x)“/^^ (Piyfdy 


= 

C 4 C 2 fl A (5i:)(x)“'^^^ . 



(7.9) 

where Cj = Ci{d,a,fi,D,A,M) > 0, i = 3,4. Recall that Ai > 0. By ()7.8p and ()7.9p . we get 

1 < ^ := C5. (7.10) 

Applying similar calculations as in (17.Op to 4>{x) = P^'^(p{x), we get 

(p{x) > {1/\ ioT cq = CQ{d,a,l3,D,A,M) > Q. (7.11) 


Note that for every t > 0, 

1 = [ 4>{x)‘^dx = f (j){x)Pl’’^(p{x)dx 

Jd Jd 

= / / (pix)PDii,x,y)p{y)dxdy. 

JD Jd 

This together with (I7.8p . (17.1011 and (17.111) implies that 

< [ f {1 A5Dix)‘^^‘^)pDit,x,y){l A6DiyT^‘^)dxdy < (7.12) 

Jd Jd 


53 






By the Chapman-Kolmogorov equation, two-sided estimates for established in Section [6l 
(j7.12p and (|7.10D . we have 


p\){T/4:,x,z)p\){t - T/2, z,w)p^jj{T/A,w,y)dwdz 



D JD 


1 A 


Soix 


l «/2 




1 A 


dniz 


1 A 


.a/2' 


doiy) 


a/2 




/p\ — d/a rj^ \ 

^ (diamZ/)‘^+" I 


D JD 




- TI2,z,w) 1 A 


5d{w 


.a/2' 


ydrjl 


dwdz 


(1 A A / / {I ^5D{zT^'^)p]:,{t-T/2,z,w){l ^5D{w)°‘/‘^)dzdw 


D JD 




2)(1a5b(x)“/2)(ia5^(2/)“/2) 
e-^i*(lA5z?(xr/2)(iA5^(y)“/2). 


This completes the proof. □ 

The following follows immediately from Theorem 17.31 and the domain monotonicity. 

Theorem 7.4. Let D he a bounded open subset of and T £ (0, oo). There exists a 
positive constant = C3s{d,a,l3,D,A,M,T) such that for every x,y & D with \x — y\ < 
A£{A)/h and t £ (T, oo), 


7 \ b,DxDDy , 

PD{t,x,y) > Case'll dDix)SD{y), 


where denotes the connected component containing x and _ snpRe(j(£^’'^'^'^^^) > 

0 . 
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